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Abstract 

Abelian sandpile model is an archetypical model of the physical phenomenon of self-organized 
criticality. It is also well studied in combinatorics under the name of chip-firing games on graphs. 
One of the main open problems about this model is to provide rigorous mathematical explication 
for predictions about the values of its critical exponents, originating in physics. The model was 
initially defined on the cubic lattices if ^ but the only case where the value of some critical 
exponent was established so far is the case of the infinite regular tree - the Bethe lattice. 

This paper is devoted to the study of the Abelian sandpile model on a large class of graphs that 
serve as approximations to Julia sets of postcritically finite polynomials and occur naturally in 
the study of automorphism group actions on infinite rooted trees. While different from the square 
lattice, these graphs share many of its geometric properties: they are of polynomial growth, have 
one end, and random walks on them are recurrent. This ensures that the behaviour of sandpiles on 
them is quite different from that observed on the infinite tree. We compute the critical exponent 
for the decay of mass of sand avalanches on these graphs and prove that it is inverse proportional 
to the rate of polynomial growth of the graph, thus providing the first rigorous derivation of the 
critical exponent different from the mean-field (the tree) value. 

keywords: Abelian sandpile model, critical exponent, avalanche, random weak limits of graphs, 
self-similar group, Schreier graph, polynomial growth. 
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1 Introduction 

The Sandpile Model was introduced in the late eighties by physicists Bak, Tang and Wiesenfeld [S] in 
the aim of constructing an analytically tractable model of a phenomenon often observed in nature and 
called self-organized criticality. Its mathematical study was initiated by Dhar in |17j : in particular, 
he proved that the model is abelian. This result was also recovered independently in the work of 
Bjorner, Lovasz and Shor flO| where the same model was studied under the name of chip-firing game 
on graphs. A detailed treatment of the ASM can be found in |33], [IB]: |39) . 

A configuration is a distribution of an amount of chips (or of grains of sand) on the vertices of a 
connected, possibly infinite, locally finite multigraph. When the number of chips on a given vertex v 
exceeds its degree, the vertex is declared to be unstable and is fired: a chip is sent along each edge 
incident to v to the corresponding neighbour of v, providing a new configuration of the model. The 
term abelian stands for the following convenient feature of the model: the order in which we stabilize 
unstable vertices of a configuration does not affect the result [Ij . 



*Thc authors acknowledge the support of the Swiss National Science Foundation Grant PP0022-118946. 

^Section de mathematiques, 2-4 Rug du Lievre CP 64, 1211 Geneve 4, Michel .MatterSunige . ch 

■tSection dc mathematiques, 2-4 Rue du Lievre CP 64, 1211 Geneve 4, Tatiana. Sinirnova-Nagiiibeda{Bunige . ch 



1 



Once a stable configuration is reached, the game can be reactivated by adding an extra chip on a 
randomly chosen vertex. In the case of a finite graph, this defines a Markov chain whose station- 
ary distribution is the uniform distribution supported by the unique recurrent class (more details in 
Section I^TTI below) . The dynamics of the model is described by avalanches, that is, sequences of 
consecutive firings triggered by adding an extra chip to a random recurrent configuration. Given a 
growing sequence of finite subgraphs {r„}„>i of an infinite graph F, criticality of the ASM on F 
is manifested in that various spatial statistics associated with avalanches (such as their mass, length, 
diameter, etc.) decay asymptotically according to a power law (with a cut-off), as F„ F. Although 
many numerical simulations have been done in order to exhibit criticality of ASM on lattices, as well 
as to determine various critical exponents, there are only very few rigorously proven cases so far. 

In the case of the c?-regular tree, d > 3, (also called the Bethe lattice), Dhar and Majumdar proved 
in [IH] that the critical exponent corresponding to the mass M of an avalanche is Sm = 3/2 in large 
volume limit. 

On the one-dimensional lattice Z, the probability of observing an avalanche of mass M > (respec- 
tively length L > 0) on a segment of length n is independent of M (respectively L) and the behaviour 
of the model is not critical [41] . 

Numerical experiments as well as non-rigorous scaling arguments yield the conjecture that on the 
two-dimensional lattice Z^, the critical exponent for the mass of an avalanche is Sm = 5/4, [35], 
whereas for c? > 4 this critical exponent is expected to be 3/2, by universality [37]. Criticality of ASM 
on Z'* is confirmed in [20j : the correlation between the indicator functions of having no chip on vertex 
and no chip on a vertex x G Z,'^ behaves as C|a;|~^'^ in large volume limit. 

Another family of graphs on which extensive simulations of avalanches have been performed is the 
Sicrpinski gasket where it is shown that Sm ~ 1-46 [l3|. See also 

In this paper we exhibit a family of infinite graphs for which we can explicitly compute the critical 
exponent for the decay of avalanches (on the approximating sequence of finite graphs) . Our examples 
are regular graphs with geometric properties significantly different from those of regular trees: the 
generic number of ends is 1, they have polynomial growth rate, and the simple random walk on them 
is recurrent. The method that we develop to prove criticality of the model is also quite different from 
the Majumdar-Dhar's technique used to prove criticality in the case of regular trees. 

Our examples come from the theory of self-similar groups developed in the past ten years by 
Grigorchuk, Nekrashevych and others (see [22] , [35] and references therein) - a natural source of fam- 
ilies of finite graphs with interesting infinite limits of self-similar nature. More precisely, a finitely 
generated group G < Aut{T) acting by automorphisms on a regular rooted tree T defines a covering 
sequence {F„}„>i of finite Schrcicr graphs describing the action of G on each level of the tree. These 
graphs converge to infinite orbital Schreier graphs {F^j^ggr of the limit action of G on the boundary 
dT of the tree (see Section [3] for details). 

One eminent example in the class of self-similar groups is the so-called Basilica group introduced 
by Grigorchuk and Zuk in |24j . It can be realized as the iterated monodromy group of the complex 
polynomial — 1, which means in particular that its Schreier graphs form an approximating sequence 
of the Julia set of — 1, the so-called Basilica fractal [35]. It is a 2-generated group which acts by 
automorphisms on the binary tree. 

We show that the Basilica group provides us with an uncountable family of 4-regular one-ended 
graphs of quadratic growth where the critical exponent for the mass of avalanches in the ASM is equal 
to 1 fTheorem l6.3.ip . It also gives an uncountable family of 2-cnded graphs of quadratic growth with 
non-critical ASM - first such examples not quasi-isometric to Z fThcorcm l6.2.ip . 

Technically, our approach relies on the fact that the Schreier graphs of the Basilica group are cacti, 
i.e., separable graphs whose blocks arc either cycles or single edges (see Section [^3]). The groups of 
automorphisms of rooted trees whose Schreier graphs are cacti, and to which our method therefore 
applies, form a large class of groups characterized by Nekrashevych as iterated monodromy groups of 
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post-critically finite backward iterations of topological polynomials [33]. Another example from this 
class of groups is the so-called "interlaced adding machines", or the IMG{—z^/2 + 3z/2) [3S]. This 
group shares many properties with the Basilica group, and the same goes for their Schreier graphs. For 
the ASM, this group provides examples of graphs with the critical exponent Sm = 2 log 2/ log 3 > 1 
(see Section [3 and Theorem 17. 2. ip . 

More generally, in Theorem IS . 1 . II we establish a connection between the critical exponent for the mass 
of avalanches in the ASM on one-ended Schreier graphs and the degree of their polynomial growth. 
Quadratic polynomials z'^ + c with the values of c taken in smaller and smaller hyperbolic components 
attached to the main cardioid of the Mandelbrot set provide examples of iterated monodromy groups 
whose Schreier graphs have polynomial growth of arbitrarily high degree. Consequently, probability 
distributions of the mass of avalanches on these Schreier graphs decay as power laws with arbitrarily 
small critical exponent. These examples are discussed in Subsection 18.21 

In order to address all these examples we develop the study of the Abelian sandpile model for 
unimodular random rooted graphs, a natural generalization of homogeneous graphs (see [1] and Sub- 
section below) which are by definition invariant probability distributions on the space X of (rooted 
isomorphism classes of) locally finite, connected rooted graphs. They occur naturally as random 
weak limits of finite graphs. Introduced by Benjamin! and Schramm [7], the random weak limit 
stands for passing to the limit in the space X, for a sequence of (unrooted) graphs {r„},i>i, by 
choosing the root uniformly at random, thus considering each unrooted graph r„ in the sequence 
as a probability distribution p„ on X. The random weak limit of a sequence {r„}„>i of connected 
graphs of bounded degree is defined to be the weak limit of the measures pn in the space of probability 
measures on X. 

In Subsection 12.21 below, we introduce the ASM on sequences of graphs converging in the space X 
of rooted graphs and discuss such issues as the choice of dissipative vertices, the choice of root, and 
criticality in the random weak limit. 

As previously mentioned, exhibiting the criticality of the ASM goes through studying the statistical 
behaviour of avalanches, by looking at different observable quantities related to them. In this paper, 
we focus our attention on the mass of avalanches (i.e. the number of distinct vertices fired), however 
a similar approach may be applied for studying their diameter (i.e. the diameter of the subgraph 
spanned by vertices touched by the avalanche) or their length (i.e. the total number of firings). In- 
deed, the key step in Subsection 12.31 fProDOsition l2.3.4p depends on the avalanche and not only on its 
mass. It turns out that the diameter can be studied in a very similar way to the mass (see Remark 
I8.2.5p . For the length, however, computations become more tedious. Also, there is no clear relation 
between the length of avalanches and global geometrical properties of the underlying graph, as it is 
the case for the mass (or the diameter) of avalanches and the degree of polynomial growth of the graph. 

The paper is structured as follows: in Section [2j we collect some facts and notations about the ASM 
and then consider general properties of the model on separable graphs and, in particular, on cacti. 
In Subsection 12.21 we introduce and discuss the ASM on sequences of graphs converging in the space 
X of rooted graphs, as well as criticality of the ASM in the random weak limit. Section [3] recalls 
basic notions about groups of automorphisms of rooted trees, self-similar groups and their Schreier 
graphs. We show that any covering sequence of finite regular graphs of even degree can be realized as 
Schreier graphs for an action of a finitely generated group on a spherically homogeneous rooted tree, 
by automorphisms. In Section |31 we go back to the study of avalanches and show that for covering 
sequences of regular cacti critical in the random weak limit, the critical exponent is almost surely 
constant. Section [5] recalls results from [1^] about the structure of finite and infinite Schreier graphs 
of the Basilica group. In Section [6] we study the ASM on these graphs, in particular we show that 
almost all orbital Schreier graphs of the Basilica group are critical with the critical exponent equal 
to 1. In Section [71 we consider the group generated by two interlaced adding machines and exhibit 
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examples with the critical exponent equal to 2 log 2/ log 3 > 1. In Section |51 a relation is established 
between the critical exponent for the mass of avalanches and the degree of polynomial growth, for 
1-ended cacti; and graphs with arbitrarily small critical exponents are discussed. 

2 Abelian Sandpile Model 
2.1 Chip-firing Game on a graph 

Let r = (y, E) be a finite connected graph, possibly with multiple edges and loops, with a vertex 
set V = V{T) and an edge set E = E(r). Let P C be a non-empty set of vertices that will 
be called dissipative vertices. We will write Vq := V\P. A configuration on F is a function 
T] : Vq — > N. We say that 1] is stable if 77(1;) < deg(i') for all v G Vq where deg(?;) denotes the 
degree of v, that is, the number of edges incident to v (each loop contributes two to the degree.) An 
unstable configuration evolves by firing its unstable vertices as long as there are some. Firing an 
unstable vertex v corresponds to sending one chip along each edge incident to v to the corresponding 
neighbour. We will adopt the convention that all chips reaching a dissipative vertex p G P leave 
the graph. The basic theorem about the game asserts that every configuration reaches through a 
finite number of firings a stable configuration. Moreover, the resulting stable configuration, the set 
of vertices fired in the stabilization and the number of times each of these vertices were fired are all 
independent of the order in which the unstable vertices are fired jl7j . Given a configuration 77, a 
consecutive sequence of firings resulting in the stabilization of ry is called an avalanche. The number 
of vertices (respectively distinct vertices) fired during the avalanche is called its length (respectively 
mass). By the result cited above, both the mass and the length are the same for all avalanches leading 
to the stabilization of a given configuration. 

Let denote the set of all stable configurations, and let us consider the following Markov chain on 
n |33j . Starting from some initial stable configuration 779, we add an extra chip to rjQ on a vertex 
V G Vo chosen accordingly to some initially fixed probability distribution tt : Vq — satisfying 
the condition tt{v) > for all v G Vq. Then, we let the configuration rjo + stabilize and denote 
by ?7i e ri the resulting stable configuration. We then repeat the previous operation with 7?i, and 
so on. Recurrent states of this Markov chain form a single (communication) class, denoted by TZr; 
consequently, the Markov chain admits a unique stationary measure fj, which is supported by TZr- It 
turns out that the set TZr of recurrent (or critical) configurations can be given the structure of a 
group, and therefore /x is in fact the uniform measure on TZr, independently of the distribution tt (see 
more on this in the very end of this subsection). 

The set of recurrent configurations can be constructed by a deterministic procedure called the 
Burning Algorithm [T7]. Given a configuration 77 and a subgraph if C F not containing dissipative 
vertices, we say that the restriction rjn is a forbidden sub-configuration of 77 if i'i{v) < deg^(w) 
for every v G H (where degij{v) denotes the degree of v in H). Dhar has shown that a stable 
configuration on F is recurrent if and only if it does not contain any forbidden sub-configuration. The 
Burning Algorithm decides, given a configuration r], whether it contains a forbidden sub-configuration 
or not, as follows. For t > 1, we define inductively the sets Bt and Ut, where Bt stands for the set 
of vertices "burnt" at time t, and Ut stands for the set of vertices "un-burnt" up to time t. We also 
denote by Ft the subgraph of F spanned by the vertices in Ut, whereas Fq denotes the subgraph of F 
spanned by Vq. 

Bi :={i-eyo|'?(«)>degr„(f)}; 

Ut :-^o\ULi5«; 

■.^{vGUt\ri{v)>dcgrSv)}- 

If there exists such that Bt„+i is empty, then ilUt„ is forbidden. Otherwise, every vertex of F is 
eventually burnt, which implies that 77 docs not contain any forbidden configuration. 
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We will use the following equivalent reformulation of Dhar's theorem [55] . 

Theorem 2.1.1. A configuration c onT is recurrent if and only if there exists a sequence of firings 
(with respect to c) pi . . .pkViV2 ■ ■ ■ v\Vo\ which is an enumeration of V . Here firing a dissipative vertex 
Pi means that we add on each neighbour v of pi as many chips as there are edges between v and pi in 
r. We call such a sequence a burning sequence for c on T. 

Note that applying a burning sequence to a recurrent configuration c returns c. 

It can be deduced from this theorem that, if |P| = 1, the Burning Algorithm establishes a bijection 
between recurrent configurations and spanning trees in F (in the general case the bijection is between 
recurrent configurations and spanning forests where each tree contains exactly one dissipative vertex 

An interesting result about recurrent configurations is that, when endowed with the operation of 
adding the configurations coordinatewise and then stabilizing, they form an abelian group denoted 
by K{T) and called the critical group [5] of the graph. In general, it is not easy to determine the 
algebraic structure of K{T) and a particularly intriguing problem consists in establishing connections 
between the decomposition of the critical group into invariant factors and the graph structure |29] . 
[1] . There are but a few examples of families of graphs where the critical group and its decomposition 
have been computed, including the complete graphs [4] , the wheel graphs [9] , finite balls in a regular 
tree [55] , |l5] , cacti [32] (see also Subsection 12.41 below) . More detailed information about the critical 
group, such as explicit description of the neutral element and of the inverses in terms of recurrent 
configurations is very sparse, see [T3] for "thick trees", for cacti, and [57] for a study of the neutral 
element on growing rectangles in Z^. 

2.2 Avalanches on unimodular random rooted graphs 

As explained in the introduction, in this paper we propose to study avalanches on unimodular random 
rooted graphs. Let X denote the space (of rooted isomorphism classes) of locally finite, connected 
graphs having a distinguished vertex called the root; X can be endowed with the following metric: 
given two rooted graphs {T,v) and {T',v'), 

Dist{{T,v),{r',v'j) := inf |-^;Sr(i;,r) is isomorphic to Br'iv',r)^ (1) 

where Br{v,r) is the ball of radius r in F centered in v. We say that a sequence of rooted graphs 
{(F„, Vn)}n>i converges to a limit graph (F, v) if lim„_>.oo Dist{{r, u), (F„, ?;„)) = 0. If one supposes 
moreover that elements in X have uniformly bounded degrees, then (<¥, Dist) is a compact space. 

Let us consider the ASM on an (infinite) rooted graph (F, v) E X. As usual, we shall approximate it 
by an exhaustive sequence of subgraphs, however, in this non-homogeneous situation, we shall require 
that all subgraphs in the exhaustion contain the root. 

Convention 2.2.1. (Choice of dissipative vertices) 

Given a infinite rooted graph (F,w), and an exhaustion {-ff„}„>i of (F,w) such that v G V{Hn) for 
each n > 1, set P„, the set of dissipative vertices in each Hn, to be the internal boundary of _ff„ in 
F, i.e., the vertices of Hn that have neighbours in the complement F \ 

For all n > 1, consider the probability space (7?,//^,/^„) (with the natural cr-algebra) where TZh„ is 
the set of recurrent configurations on the subgraph iJ„ of F, and /i„ denotes the uniform distribution on 
TZh„ ■ Define the random variable Mavn^ {'t''^) ■ (72-_f/„ , fJ-n) — > N that maps a recurrent configuration 
on Hn to the mass (i.e. the number of distinct vertices fired) of the avalanche triggered by adding to 
this configuration an extra chip on the root v. Note that the choice of the dissipative vertices specified 
in Convention 12.2.11 ensures that the distance between the vertex on which we add an extra chip 
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to some recurrent configuration to trigger avalanches (we have chosen the root) and the dissipative 
vertices grows as n — >■ oo. 

Definition 2.2.2. Let (F, u) be an infinite rooted graph and let {Hn}n>i be as in Convention \2.2.T[ 
We say that the ASM on the sequence {-ff„}n>i approximating (F,?;) has critical behaviour (with 
respect to the mass of avalanches) if there are constants Ci,C2 > such that, for any e > there 
exists Me > 1 such that for any M > , 

CiM-^-" < hm P„ (Mavff„(-,u) = M) < 6*2^"*'+' (2) 

n— >cjo 

for some exponent S > (called the critical exponent). If this is the case, we write 
\im„^oo'P^.AMavH,^{■,v) = M) - M'^ 

Remark 2.2.3. If we denote L{M) := \imn^oo^fj.„{MavH„{-,v) = M), tlien criticality (condition 
^) implies that limM^oo log(L(M))/ log(M) = -6. 

Note that, depending on the geometry of the underlying graph, it may happen that not every integer 
M can be realized as the mass of an avalanche. In such situations, we restrict our considerations to 
those integers which can be realized as the mass of an avalanche. 

The existence of the limit in Dcfinition l2.2.2l is. a priori, not obvious; it is well-defined if the measures 
Hn converge weakly, as n oo, to some probability measure fj,. This has been proven in the case of the 
regular tree [30] and of the lattice Z''. In the case of Z'' with d = 1, the limit /z is the Dirac measure 
concentrated on the constant recurrent configuration c = 1 [3T]. If d > 2, it is proven in [3] that the 
measures /x„ weakly converge to a translation invariant probability measure /x; for 2 < d < 4, this holds 
for any exhaustion {H„}n>i of Z'^, and the measure n is independent of the exhaustion; for d > 4, 
there is an extra condition on the geometry of the but the authors conjecture that the former 
stronger version also holds. The proof is based on the bijection between recurrent configurations and 
spanning trees, and uses the fact that the uniform distribution on spanning trees on Hn (with wired 
boundary conditions) converges weakly to a probability measure supported by spanning forests on 
Z'^ and called the Wired Uniform Spanning Forest (WUSF) [5]. If 2 < d < 4, the WUSF is almost 
surely a one-ended tree. The proof of convergence of the /x„'s in this case directly applies to any 
infinite graph F such that the WUSF on F is almost surely a one-ended tree. (Of course, if F is not 
transitive, one cannot expect translation invariance of the limit measure /i.) If d > 4, then the WUSF 
has almost surely infinitely many connected components, which makes the proof of the convergence 
of the measures /j,„ more complicated, and not directly adaptable to general infinite graphs whose 
WUSF has many connected components. Luckily, all examples that we consider in this paper satisfy 
the condition that the WUSF is almost surely a one-ended tree. The proof of the following statement 
is the same than the proof of Theorem 1 in FJj, in the case 2 < d < 4. 

Theorem 2.2.4. Let F be an infinite graph such that the WUSF on F is almost surely a one-ended tree. 
Then, for any rooting (F, v) o/F and for any exhaustion {Hn}n>i of (F, v) satisfying Convention \2.2.I[ 
the measures /i„ converge weakly to a measure fi which is independent of the choice of the exhaustion. 

Corollary 2.2.5. Under the assumptions of Theorem \2.2.4\ the limit lim„^oo P^^ (Af avu^ {'i^) ~ 
exists and does not depend on the exhaustion {-ff„}„>i. 

Proof. Note that, for fixed < il/ < oo. observing an avalanche of mass M triggered at w is a cylinder 
event. Indeed, the set of vertices of iJ„ fired during an avalanche triggered by adding an extra chip 
on V induces a connected subgraph containing v. For every n large enough, there exists rM such that 
the ball of radius tm centered in v and contained in Hn contains all vertices which may be involved 
in an avalanche of mass not greater than AI. (See also Remark 1. (v) in [3].) □ 
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We now turn to criticality of the ASM on unimodular random rooted graphs. Let us recah (see [T] 
and references therem) that a unimodular random rooted graph is a probabihty distribution p 
on the space X (with respect to the Borel a-algebra) which satisfies 




for all Borel functions / : X — !• [0, od], where X denotes the space of isomorphism classes of lo- 
cally finite connected graphs with an ordered pair of distinguished vertices, and the natural topology 
thereon. 

Definition 2.2.6. Let p be an infinite unimodular random rooted graph. We say that the ASM is 
p-critical, with critical exponent S, if it is critical, with critical exponent S (in the sense od Definition 
\2.2.2\) . for p- almost every rooted graph. 

Remark 2.2.7. Note that the classical setup for studying the ASM, that is, a sequence of finite 
graphs exhausting Z'^ fits into our, more general setup and corresponds to the case where the measure 
p is the atom supported by Z''. 

It is an important open question (see [T]) whether all unimodular random rooted graphs on X can 
be obtained as limits of finite graphs in the following sense introduced by Benjamini and Schramm in 
[7]. Given a sequence {r„}„>i of finite unrooted graphs, p is the random weak limit of {r„}„>i if 
the sequence {pn}n>i converges weakly to p where, for every n, p„ is the probability distribution on 
X induced by choosing a root in r„ uniformly at random. It is an easy observation that any random 
weak limit of finite graphs is unimodular. 

All examples of unimodular random rooted graphs that we consider in this paper are constructed 
as random weak limits of sequences of finite graphs. 

Definition 2.2.8. Given a sequence {r„}„>i of finite unrooted graphs with random weak limit p, 
we will say that the ASM on the sequence {r„}„>i is critical in the random weak limit (with critical 
exponent S) if it is p-critical (with critical exponent S). 

Remark 2.2.9. In concrete situations, provided with a sequence {(r„, w„)}„>i of finite rooted graphs 
converging in X to an infinite rooted graph (F, v), it is sometimes convenient to think of the sequence 
{Hn}n>i approximating (r,w) (see Definition I2.2.2[) . as a sequence of subgraphs of the finite graphs 
(r„,u„) rather than subgraphs of the limit graph (F, w). By definition of convergence in X, one can 
always choose the exhaustion {Hn}n>i of (F, v) so that, for each n, F„ contains a subgraph isomorphic 
to Hn and containing the root u„. In such a case, we may write lim„_>oo ]P/j„ (-Waw_f/„ v„) = M) 
instead of lim„_).oo IP/j„ {MavH„{-, v) — M). 

2.3 ASM on separable graphs 

For k G N*, a graph F = {V,E) is k-connected if \V\ > k and r\X is connected for every subset 
X C V with |X| < fc. A connected graph F is separable if it can be disconnected by removing a 
single vertex. Such a vertex is called a cut vertex. Note that non-separability of a connected graph 
is the same as 2-connectedness. The largest 2-conncctcd components of a separable graph are called 
blocks. Any cut vertex belongs to at least two different blocks. 

Separable graphs belong to a wider class of tree-like graphs. Computations of certain critical values 
for percolation and Ising model for such graphs can be found in the Ph.D. thesis of Spakulova [15]. 
The study of the ASM on separable graphs is also simplified thanks to its tree-like structure, and in 
particular by the fact that the critical group of such a graph is a direct product of the critical groups 
of its blocks [4]. In this paper, we will need more precise information about recurrent configurations 
(see Lemma [2.3.21 below) . 
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Remark 2.3.1. From now until the end of Section[51 we will assume that \P\ = 1. Indeed, the results 
of the two forthcoming subsections will be applied in Sections [51 [3 and [5] to graphs for which we will be 
able to choose one-element dissipative sets satisfying our Convention 12 . 2 . 1 [ The choice of the unique 
dissipative vertex will be explained in Convention 12.4.51 below. 

Consider a finite separable graph F with blocks Ci, . . . , Cg. Fixing one of the vertices (denote it p 
and think it to be the dissipative vertex), induces the following partial order on the vertices of F. 
For w, w' £ V , we put w' w li and only if w lies on any path in F joining w' to p. For any 1 < i < s, 
let Pi be the smallest element of V{Ci) in this order. Then the following holds; 

Lemma 2.3.2. Given F a finite separable graph with blocks Ci, . . . , and a dissipative vertex p, a 
configuration c onT is recurrent if and only if for all 1 < i < s, the subconfiguration d : Vo(Ci) — > 
N defined by d{v) := c(w)— outdegc^ (w) is recurrent on the subgraph Ci with pi considered as the 
dissipative vertex. (Here, for a subgraph H of T and a vertex v of H , outdeguiv) stands for the 
number of edges connecting v to the complement of H in T.) 

Proof. Let c be a configuration on F. Suppose that c is recurrent, take a block Ci and let v g V{Ci). 
By Theorem 12.1.11 there exists a burning sequence for c on F pvi . . Since c is stable, any 

vertex v £ V must have some of its neighbours fired before being fired itself. Since every path joining 

V to p contains the vertex pi, v cannot be fired before pi does. On the other hand, once pi is fired, 
then every vertex of Ci can be fired in the order provided by the sequence pvi . . . In particular, 
there is a subsequence of pvi . . which is a burning sequence for on C,; with pi set as the 
unique dissipative vertex. 

Conversely, if for each block Ci the subconfiguration c* is recurrent, then one can fire vertices of F 
as follows: after firing the vertex p, fire vertices belonging to the blocks containing p according to the 
burning sequences provided by the Burning Algorithm applied consecutively to each of these blocks. 
Then, repeat the previous operation with the blocks sharing a vertex with the already fired blocks. 
Since there is a burning sequence for each block of F, all vertices of F are eventually fired. □ 

The following definition and observation will be crucial in our study of avalanches further on. 

Definition 2.3.3. A block-path of length k in a separable graph T is a sequence of k distinct blocks 
of F such that two consecutive blocks intersect. 

Given w, w' € V, there is a unique block-path Ci . . .Cr of minimal length such that w £ Ci and 
w' £ Cr (where possibly Ci = Cr). We say then that Ci . . .Cr joins w to w' . Similarly, given w £ V 
and C a block of F, there is a unique block-path Ci . . .Cr ~ C of minimal length such that w £ Ci. 
We say then that Ci . . .Cr joins w to C. 

Proposition 2.3.4. Given a finite separable graph F with a dissipative vertex p, and given a vertex 

V £ Vq, let CVv Ci . . . Cr be the block-path joining v to p. Then, the avalanche triggered by adding 
an extra chip on v to some recurrent configuration c depends only on the subconfigurations of c on the 
blocks constituting CVv ■ 

Proof. If c{v) < dcg(w) — 1, then the avalanche is trivial. If c{v) = deg(w) — 1, then v becomes 
unstable after adding an extra chip, and a non-trivial avalanche is initiated. Consider the block-path 
CVv joining v to p, let w be a separating vertex belonging to some block of CVv, and consider the 
subgraph Diw) of F induced by the set {v £Vq\v >^ w} of all descendants of w. Since c is recurrent, 
we can conclude by Theorem 12.1.11 and the proof of Lemma 12.3.21 that each time w is fired, every 
successor v )~ w is fired exactly once, and as a result the subconfiguration on D{w) remains unchanged. 
This happens independently of the recurrent subconfiguration on D{w). The statement follows. □ 
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2.4 ASM on cacti 



In this paper, we will be interested in a particular class of separable graphs called "cacti" . 

Definition 2.4.1. A separable graph T, possibly with loops, is a cactus if its blocks are either cycles 
(possibly of length 2 ), or single edges. 

The ASM on cacti is addressed in [35] where the identity of the critical group as well as inverses are 
explicitly realized in terms of configurations. Here we will be rather interested in finding the asymp- 
totic of avalanches on finite approximations of infinite cacti; see Theorem 12.4.61 below. In particular, 
we will be interested in the behaviour of avalanches in the random weak limit for a sequence of finite 
cacti. (Note that the limit of a sequence of finite rooted cacti in local convergence is again a cactus.) 
Our results indicate that the answer depends on such invariant of the infinite graph as the number of 
ends. More results in this direction arc to be found in the forthcoming paper [32| . 



2.4.1 ASM on cycles 

As the building blocks of a cactus graph are cycles, we will start by recalling and stating some easy 
facts about the ASM on cycles, [H], [35], which will be useful later. 

Let C be the cycle of length |C| and let V{C) — {p,vi,V2, ■ ■ ■ ,v^c\-i}; where p is the unique 
dissipativc site and other vertices are numbered in the counterclockwise direction. 

Proposition 2.4.2. 1) There are exactly \C\ recurrent configurations cq, . . . ^ c\(j\_i on C. They are 
given by 

c-(v) = 1 ° 

1 1 otherwise, 

and co{vi) = 1 /or i, j = 1, . . . , |C| - 1. 
2) |32j Let T] be a configuration on C and let Cj be a recurrent configuration. Then, 

where |- + •] denotes the result of adding configurations coordinatewise and then stabilizing. 

Corollary 2.4.3. If rj ~ t ■ Sy^ for some 1 < A: < |C| — 1 and t>l (i.e. r]{vk) ~ t and r]{vi) = for 
i ^ k), then 

|cj+t-5„J =C[j_tfc] (3) 

We now turn to avalanches on C. Note that the mass of any avalanche on C is trivially bounded 
from above by \C\ — 1. Fix a vertex Vi^ € V{C) on which an extra chip is added. By symmetry, we 
can suppose without loss of generality that 2iQ < \C\. As above, let ^ denote the uniform distribution 
over the set of recurrent configurations. 

Proposition 2.4.4. [55] In the notations above, 



ifO<M<iQ, 
,{Mavc{-,v,„) = M) ^ { jh\ tfio<M<\C\-l-iQ, 



2 



jcj \C\ -io< M < \C\ - 1. 
Moreover, F^,{Mavc{- ,v,^) = 0) = P^(Mawc(-, - |C| - 1) = f^. 
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Proof. Since there are |C| different recurrent configurations on C, tliere are at most |C| distinct 
avalanches. The mass of an avalanche is zero (respectively |C| — 1) if and only if the configura- 
tion on which we add the extra chip is Cig (respectively cq). We thus have Ff^{Mavc{- ,Vio) = 0) = 

Let Cj be a recurrent configuration. If > J, then the mass of the avalanche is given by Mavcicj ,Vi„) = 
|C| — 1 — j, whereas if iq < j, it is given by Mavc{cj,Vig) = j — 1. Thus, if we fix < M < |C| — 1, 
there are at most two avalanches of mass Af , more precisely: 

• if < A/ < io, then there is no recurrent configuration providing an avalanche of mass Af ; 

• if *o 5[ Af < |C| — 1 — io, then there is one configuration providing an avalanche of mass AT, 
which is cm+1', 

• if \C\ — io < M < \C\ — 1, then there are two configurations providing an avalanche of mass M, 
which are cm+i and c^c\-i-m- 

□ 



2.4.2 Avalanches on cacti 

Our analysis of the dynamics of avalanches on infinite graphs associates with self-similar groups will be 
based on Theorem 12.4.61 below, a general result about avalanches on finite approximations of infinite 
one-ended cacti. 

Let (r, v) be an infinite one-ended cactus rooted at v. Note that there exists a unique block-path 
CVv ~ C1C2 ... of infinite length in F starting at v (i.e., v € Ci but v ^ C2). Using the notations from 
Subsection [531 for each i> 1, pi denotes the cut vertex between d and Ci+i. Removing pi disconnects 
r into several connected components (one of which is infinite). Let D{pi) denotes the subgraph of F 
consisting of the union of all finite components, together with pi. Denote by di the number of vertices 
in D(pi); we thus have an increasing sequence of positive integers {di}i>i. 

We can choose an exhaustion {Hn}n>i of (T, v) so that, for any n > 1, the internal boundary of Hn 
consists of a unique vertex p^") (see Convention 12 . 2 . 1 p : this vertex is a cut vertex in F between two 
consecutive blocks of CVy 

Convention 2.4.5. (Choice of dissipative vertex in one-ended cacti) 

Given an infinite onc-cndcd cactus (F,u), let {Hn}n>i be an exhaustion of (F,f) such that, for each 
n, V G V{Hn) and the internal boundary of Hn consists of a unique vertex p'"^; set p'-"^ to be the 
unique dissipative vertex in iJ„. 

Theorem 2.4.6. Let (T,v) be an infinite one-ended cactus rooted at v. Let {Hn}n>i be an exhaus- 
tion of {T,v) as in Convention \2.4-'5\ and, for any n > 1, let p^"^ be the dissipative vertex in Hn. 
Denote by CP" = Ci . . . Cr„ C CVv the finite block-path in Hn joining vertex v to p^"-* . Suppose that 
X]j'=i |C |>2 JU~\ converges as r„ — > 00. Then, for any integer M large enough that occurs as the mass 
of an avalanche, we have 

T O 

< lim ¥^^{MavH„{-,v) = M) < 



where < L < I, and the index ii\i is uniquely determined by the condition dijj-i < A/ < d^j,^ . 

Proof. Consider the subgraph iJ„ of F for some fixed n > 1 and let c be a recurrent configuration 
on Hn- If s is the number of blocks constituting Hn, c can be decomposed into s subconfigurations 
c^, . . . where c* is a recurrent configuration on the block Ci (see Lemma r2.3.2p . If c{v) = deg(w) — 1, 
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then upon adding an extra chip on w, an avalanche starts on Ci which possibly extends to further 
blocks of CP". Since the order of firings does not matter, we can suppose that one starts stabilizing 
the subconfiguration on C^+i only when the subconfiguration on Cj is already stable. Recall that, by 
Proposition 12.3.41 it is enough to keep track of the subconfigurations of c on the blocks of CV^. For 
any 1 < j < r„, we say that the avalanche reaches the block Cj if Pj-i is fired during the avalanche. 
Note that if Cj is a single edge, then c'{pj-i) = deg(pj_i) — 1. Once an avalanche has reached Cj and 
if Cj is not a single edge, then the subavalanche on Cj has two "branches" , each of them propagating 
in direction of pj along a path joining Pj^i to pj. Since the subconfiguration c' on Cj is recurrent, 
there is at most one vertex w G y{Cj)\{pj} such that c' [w) — dcg(u') — 2 (see Proposition 12. 4.2p . 
Hence, at least one of the branches of the subavalanche extends to pj so that at least one chip reaches 
Pj. Then, if pj is not fired, we say that the avalanche stops on Cj. 

With every recurrent configuration c on Hm one associates a sequence of positive integers {tj (c)}' !l_g , 
where tj (c) is the number of chips that have reached pj during the avalanche triggered by adding an 
extra chip to c. By convention, fix io(c) = 1. Recall that, on a cycle there are \Cj\ recurrent 
configurations which are c^, . . . , c'^fj.^_-^. For 1 < j < ?'n — 1, three following situations may occur: 

(51) tj{c) — ij_i(c) = 1: this occurs if and only if c' = and + <j_i(c) • ^ Cq; 

(52) tj{c) — tj_i(c) = 0: this occurs if and only if either = and + ij-i(c) • Sp._-^] = c^, or 

= cl for some < k < \Cj\ and |4, + tj-i(,c) ■ 5p._-^] ^ q?,; 

(53) tj{c) — tj_i(c) — —1: this occurs if and only if — c], for some < fc < \Cj\ and fc^ + tj-i{c) ■ 

^p,-il = 4- 

The difference |tj(c)— tj_i(c)| cannot be greater than one, since the total amount of chips in a recurrent 
configuration on a cycle Cj is either |Cj | — 1 or |Cj| — 2 (see Proposition 12.4.21 and Lemma [2.3.2[) . 
Finally, note that if the block Cj is a single edge, then tj{c) = tj-i{c). 

We consider now avalanches of some fixed mass M. Since we are interested in the asymptotic 
behaviour of avalanches as n tends to infinity and since we have supposed that r„ tends to infinity (as 
n — >■ oo), we can suppose without loss of generality that M < dr„-i] all these avalanches reach some 
block Ci^j, 1 < iM < fn and stop on it (i.e. vertex Pif^,-i is fired but not vertex Pii^j). Note that an 
avalanche cannot stop on a cycle of length two. 

Let us now find bounds on the number of recurrent configurations on _ff„ producing avalanches of 
mass M . Let c be such that the avalanche triggered by adding an extra chip to c on u is of mass M . 
Then, its corresponding sequence {^j(c)}^!^o^ satisfies 

• tj{c) > 1 for all < j < u/ - 1; 

• UmIc) = 1; 

• tj (c) ~ for all iM < j < rn ~ 1. 

We have to distinguish two cases. Suppose that there exists 1 < jo < im such that Cj^ is a cycle of 
length two, and suppose that jo is the smallest such index. Consider the sequence {tjYj'Lo^ defined 
by tj = 1 if j < joj tj = 2 if jo ^ j < itA, tij^, = 1 and tj = if j > iM- If there is no index jo such 
that Cjo is a cycle of length two, then define {tj}j!Lo^ *j = 1 if J — and tj = if j > iM- We 
count the number of recurrent configurations c whose associated sequence {tj(c)}j!LQ^ coincides with 
{tjYjZlo^- In the former case, it follows from CoroUarv 12.4.31 that, for each j < iM such that Cj is 
not a single edge nor a cycle of length two, there are at least \Cj \ — 2 recurrent subconfigurations on 
Cj satisfying the right-hand side of (S2). If Cj is a cycle of length two, and jo < j < iM, then both 
recurrent subconfigurations on Cj satisfy the right-hand side of (S2). The subconfiguration on Cj^ must 
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be = c'q (see (SI)) whereas the subconfigurations on d^^, C^^.^+i are uniquely determined by (S3). 
In the latter case, for each j < im such that Cj is not a single edge, there are at least \Cj \ — 2 recurrent 
subconfigurations on Cj satisfying the right-hand side of (S2). Consider now the subavalanche on the 
cycle Cij,^, denoting its mass by m (so that d(pi„_i,pij^) < m < |Cijj|). By Proposition 12.4.41 and its 
proof, at least one but at most two subconfigurations on Cij^, provoke subavalanches of such mass. The 
subconfiguration on Cij,^+i is uniquely determined by (S3). Finally, in both cases, the configurations 
on the remaining blocks of Hn can be chosen freely since they do not influence the avalanche (see 
Proposition l2.3.^ . Thus, the number N of recurrent configurations on iJ„ producing an avalanche of 
mass AI is at least 



N>2^- n (|C,|-2). n 1^: 



3=1 c,cr„ 

where R ~ \{Cj', Cj is a cycle, \Cj\ = 2, jo < j < imW and the latter product runs over blocks of iJ„ 
which arc not single edges. Since the total number of recurrent configurations on Hn (which is the 
number of spanning trees of Hn) is equal to the product of the lengths of the cycles in Hn, the 
probability of observing an avalanche of mass M on iJ„ upon adding an extra chip on v is bounded 
from below by 

F,,SMavHA;v) =M)>N \{ \C,\-' > , J] h _ , (4) 

where the former product runs over blocks of Hn which are not single edges. The upper-bound 

V^jMavnA^v) - M) < ] , (5) 

follows from the fact that in the former case, the subconfigurations on Ci^^j and Ci^,j^i arc uniquely 
determined by (S3) whereas in the latter case, there are at most two subconfigurations on Ci^., pro- 
ducing a subavalanche on C^^^^ of mass m and the subconfiguration on C^j^+i is uniquely determined. 

The product rij^rjc |>2 ~ 2/|Cj|) converges as im ^ od to a limit L > if and only if, the scries 
Ej>i |c |>2 jcTJ converges (see for instance [Mj). In such a case, it is bounded by L from below for 
every Im > 2. This completes the proof. 

□ 



3 Actions on Rooted Trees and their Schreier Graphs 

Let {qn}n>i3 be a sequence of positive integers and let T be a rooted tree such that all vertices of 
the n-th level of T (i.e. vertices situated at distance n from the root) have g„ children; T is called 
spherically homogenous and {qn}n>Q is the spherical index of T. For any n > 1, let Xn be 
a q„-letters alphabet. Then, any vertex of the n-th level of T can be regarded as an element of 
]^"^-^ =: Ln (the root is viewed as the empty word.) Also, write X" := nn>i"''^"' which is the 
set of infinite words ^ such that, for any n > 1, the n-th letter of ^ belongs to Xn- The set X" can 
be identified with the boundary dT of the tree, which is defined as the set of infinite geodesic rays 
starting at the root of T. The cylindrical sets Un>oi'^ ni>n "^'^il^ ^ -^"1 generate the cr-algebra of 
Borel subsets of the space X'^. We shall denote by A the uniform measure on X". 

Consider the group Aut{T) of all automorphisms of T, i.e., the group of all bijections of the set of 
vertices of T preserving the root and the incidence relation; the levels of the tree are thus preserved 
by any automorphism of T. A group G < Aut{T) is said to be spherically transitive if it acts 
transitively on each level of the tree. 
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For G < Aut{T) we define the following subgroups of G: the stabilizer of a vertex u G T in G by 
Stabciv) = {g € G\g{v) = v}; the stabilizer of the rt-th level of the tree in G by Stahc{Ln) = 
ri-uGL Stabaiv); finally, the stabilizer of a boundary point ^ e X" in G by StabaiO = {ff £ 
G\g{(,) = ^}. Suppose that G is spherically transitive; then, the following properties hold: 

• The subgroups StabG{v), for |t;| = n, are all conjugate and of index HiLi 1i- 

• f]^^Qrp StabG{^) is trivial. 

• Denote by ^„ the prefix of ^ of length n. Then StabciS,) = PlnsN StabG{^n)- 

• StabciC) has infinite index in G. 

Consider a finitely generated group G with a set S" of generators such that id ^ S and S = S^^, 
and suppose that G acts on a set M. Then, one can consider a graph r(G, S, M) with the set of 
vertices M, and two vertices m, m' joined by an oriented edge labeled by s if there exists s € S 
such that s(m) = m'. If the action of G on M is transitive, then r(G, 5, M) is the Schreier graph 
r(G, 5, StabGim)) of the group G with respect to the subgroup Stabclm) for some (any) m S M. If 
the action of G on Af is not transitive, and m S M, then we denote by r(G, S, m) the Schreier graph 
of the action on the G-orbit of in. and we call such a graph an orbital Schreier graph. In what 
follows, we will often forget about labels. Also, since S ~ S~^, our graphs are graphs in the sense of 
Serre [H]. 

Suppose now that G acts spherically transitively on a spherically homogeneous rooted tree T with 
spherical index {qn}n>o- Then, the n-th Schreier graph of G is by definition r„ := r(G, 5", L„) = 
r(G, 5, P„) where Pn denotes the subgroup stabilizing some word w € L„. For each n > 1, let 
TTn+i '■ r(G, 5, L„+i) — > T{G, S, Ln) be the map defined on the vertex set of T{G, S, Ln+i) by 
TTn+iixi . . . XnXn+i) = Xi . . . Xn- Siucc P„+i < P„, 7r„+i induccs a surjective morphism between 
r(G, S, Ln+i) and r(G, S, Ln). This morphism is a graph covering of degree g„. 

We also consider the action of G on dT = X" and the orbital Schreier graphs := F(G, S,G ■ £,) = 
F(G, S, P^) where denotes the stabilizer of ^ for the action of G on X'^. Recall that, given a ray ^, 
we denote by ^„ the prefix of ^ of length n, and that P^ = pl^^ P„. It follows that the infinite Schreier 
graph (F^,^) rooted at ^ is the limit of finite Schreier graphs (F„,^„) rooted at as n — oo, in 
the compact metric space {X, Dist) (of rooted isomorphism classes) of rooted connected graphs with 
uniformly bounded degrees (see Subsection l2.2|) . Orbital Schreier graphs are interesting infinite graphs 
that contain information about the group and its action on the tree. The random weak limit of the 
sequence {F„}„>i, concentrated on the classes of rooted-isomorphism of the orbital Schreier graphs 
{(Fj, ^)}jgar, is often a continuous measure, see e.g. [TB] . 

Proposition 3.0.1. Let {F„}„>i be a covering sequence of finite 2k-regular graphs (k G N*J. Then, 
there exists a rooted tree T , and a group G of automorphisms of T such that the F„ 's can be realized 
as Schreier graphs (with respect to an appropriate set of generators) of the action of G on T. 

Proof. For any n > 1, let be the degree of the covering -Kn+i '■ F„+i — > F„. One associates a tree 
of preimages T with the covering sequence {F„}„>i as follows: T is an infinite rooted tree with vertex 
set lJn>i ^(r^) U {*} such that the n-th level of T is ^(F„) and every vertex v of the n-th level has <?„ 
children corresponding to the fibre of v in Tn+i (by convention, the root * of T has |y(Fi)| children.) 
For any n> 1, we denote by T[„] the rooted subtree of T of height n. 

We proceed by induction on n. Consider the graph Fi. By a theorem of Petersen (see for instance 
[H]), every 2A:-rcgular graph has a 2-factor, that is, a 2-regular spanning subgraph. Denote by 
F^,...,F^ the decomposition of Fi into 2-factors. Any P/ is a collection CJ,...,G(. of disjoint 
cycles. Assign an arbitrary orientation to each of them, so that each 2-factor Fl determines a unique 
permutation aj of the vertex set of Fi. For I < i < k, label the edges of the cycles G{, . . . , G^ . in 
Fl by aj . Consider the subgroup Gi of automorphisms of r[i] generated by the set of permutations 
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{ctJ, . . . , al}. The Schreier graph r(Gi, {ctJ, . . . , cr^}, V{Ti)) coincides with Fi labeled as above. 

Suppose that there is a subgroup Gn =< cr", cr^ > of automorphisms of T[„] such that for every 
1 < m < n, r(G„, {ct", . . . , cr^}, V{rm)) coincides with r,„. Every automorphism erf corresponds to 
a 2-factor F^" of r„ (i.e. with its edges labeled by coincides with r(< af >, {erf}, V^(r„)).) We 
construct the group G„+i by extending every automorphism erf to an automorphism af^^ of T[„+i]. 
Consider the 2-factor FJ' = UILiC's- For any v G y(r„), number its children in T by vi, . . . , Vq^; 
consider the (unique) cycle G* containing v together with its fibre G]i, . . . , G]^^ (1 < rg < (/„) in r„+i. 
The orientation of G| induces an orientation on each cycle of the fibre. For 1 < / < r^, consider G*; 
and a child Vj £ V{Cli) of v. If the neighbour (with respect to the induced orientation) of Vj in G*; 
is a child wji of w G X^(r„), then let the automorphism crf^^ transpose vertices vj and Uj/ in T[„_).i]. 
Then, consider wj' together with its next neighbour Ujn in G*; and let crf^^ transpose vertices Wji 
and Wj" . Continue like this along G*; until vj is reached again. We thus obtain a set {cr""*"^, . . . , 0'^'''^} 
of automorphisms of T[„^^ such that the restriction of every a"'^^ to T[„] is erf. For every 1 < i < fc, 
label the edges of r„+i belonging to the fibre of F" by crf^^. By construction, the subgroup G„+i 
of Aut(T[n+i]) generated by these automorphisms is such that r(G„+i, {cr"^^, . . . , 0"^^^}, ^(r„+i)) 
coincides with r„+i labeled as above. 

For i = l,...,fc, consider the automorphisms of T defined by Ci := lim„_>oo erf, and let G =< 
ai, . . . , (Tfe > be the subgroup of Aut(T) generated by these elements. As, for any n > 1, erf is the 
restriction of cr,; to T[„], replace in each F„ the labels erf by cr^ for 1 < z < fc. Then, for any n > 1, the 
Schreier graph F(G, {cri, . . . , Ck}, V{Tn)) of the action of G on the n-th level of T coincides with F„ 
newly labeled. □ 

It follows from a result of Nekrashevych (see Theorem 13.0.21 below) that if {r„}„>i is a covering 
sequence of finite 2fc-regular cacti, and only then, the corresponding group of automorphisms of the 
tree of preimagcs (see Proposition 13.0. ip is an iterated monodromy group of a post- critically finite 
backward iteration of topological polynomials. A post-critically finite backward iteration is a sequence 
/ii /2) • ■ ■ of complex polynomials (or orientation preserving branched coverings of planes) such that 
there exists a finite set P with all critical values of /i o /2 o • • • o /„ belonging to V for every n. The 
iterated monodromy group of such a sequence is the automorphism group of the tree of preimages 
-^t ~ LJTt>o(-^i o /2 o • • • o fn)~^(t) induced by the monodromy action of the fundamental group 
7ri(C\'P,ty, where t is an arbitrary basepoint. 

Theorem 3.0.2 (Nekrashevych |34j ) . An automorphism group G of a rooted tree T is an iterated 
monodromy group of a post- critically finite backward iteration of polynomials if and only if there exists 
a generating set of G with respect to which the Schreier graphs of the action of G on T are cacti. 

Suppose now that the rooted tree T is g-regular (i.e. qn = q for any n > 0.) Then, given a finite 
alphabet X = {0,1, . . . ,q — 1}, any vertex of the n-th level of T can be regarded as an element of 
X", the set of words of length n in the alphabet X {X'^ consists of the empty word), whereas the 
boundary dT of T is identified with X'^, the set of infinite words in X; write X* = Un>o 

Given g E Aut{T) and v € X* , define g\v £ Aut{T), called the restriction of the action of g to 
the subtree rooted at v, by g{vw) = g{v)g\v{w) for all w £ X*. For any vertex v of the tree, the 
subtree of T rooted at v is isomorphic to T. Therefore, every automorphism g £ Aut{T) induces a 
permutation of the vertices of the first level of the tree and q restrictions, glo, g\q~i, to the subtrees 
rooted at the vertices of the first level. It can be written as g = Tg{g\Q, . . . ,g\q^i), where Tg £ Sq 
describes the action of g on the first level of the tree. In fact, Aut{T) is isomorphic to the wreath 
product Sq I Aut{T) where Sq denotes the symmetric group on q letters, and thus Aut{T) = l°ZiSq. 

For a subgroup G < Aut{T), the natural question whether restricting the action to a subtree 
isomorphic to T preserves G, motivates the following definition. It was forged around 2000, see e.g. 
|23j , though self-similar groups were known before - this class of groups contains many exotic examples 
of groups, including groups of intermediate growth, non-elementary amenable groups, amenable but 
not subexponentially amenable groups. 
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Definition 3.0.3. The action of a group G by automorphisms on a q-regular rooted tree T is self- 
similar if g\v e G, Vu e X*,\fg G G. 

Consequently, if G < Aut{T) is self-similar, an automorphism g & G can be represented as g = 
Tg(g|o, ■ ■ ■ , g\q-i), where Tg £ Sq describes the action of g on the first level of the tree, and g\i G G is 
the restriction of the action of g to the subtree T, rooted at the i-th vertex of the first level. So, if 
a; e X and w is a finite word in X, we have g{xw) = Tg{x)g\x{w). 

Self-similar groups can be also characterized as automata groups, i.e., groups generated by states 
of an invcrtiblc automaton (sec e.g. [H]). An automaton over the alphabet X with the set of states 
S is defined by the transition map fi : S x X S and the output map i' : S x X ^ X. It is invertible 
if, for all s £ S, the transformation ^(s, ■) : X X is a permutation of X . It can be represented 
by its Moore diagram where vertices correspond to states and for every state s £ S and every letter 
X £ X, an oriented edge connects s with ^{s,x) labeled by x\v{s,x). A natural action on the words 
over X is induced, so that the maps /i and v can be extended to 5 x X*: fi(s,xw) = ^(/i(s, x), w), 
v^s, xw) = ^{s, x)i>{p,{s, x),w), where we set /i(s, 0) = s and z^(s, 0) = 0. If we fix an initial state s in 
an automaton A, then the transformation i/(s, •) on the set X* is thus defined; it is denoted by As- 
The image of a word xiX2 ■ ■ ■ under As can be easily found using the Moore diagram: consider the 
directed path starting at the state s with consecutive labels xi\yi, X2\y2T--] the image of the word 
X1X2 ■ ■ ■ under the transformation As is then j/iy2 ■ • ■• More generally, given an invertible automaton 
A = {S, X, fijv), one can consider the group generated by the transformations As, for s € S; this 
group is called the automaton group generated by A and is denoted by G{A). 

To a group with a self-similar action that is contracting, (which means the existence of a finite set 
N C G such that for every g G G there exists k & N such that 5|„ G A/", for all words v of length greater 
or equal to k), Nekrashevych associates its limit space J{G), often a fractal. Rescaled finite Schreier 
graphs form a sequence of finite approximations to the compact J{G). Orbital Schreier graphs on 
the other hand describe the local structure of the limit space. 

An important class of self-similar groups is formed by iterated monodromy groups of partial self- 
coverings of path connected and locally path connected topological spaces (e.g. of complex rational 
functions.) If the covering is expanding, its Julia set is homeomorphic to the limit space of its iterated 
monodromy group. Details about this very interesting subject can be found in [5^ . 

4 Invariance property of avalanches of the ASM on cacti 

In this section, we return to studying avalanches on cacti. Our aim here is to show that Theorem 1 2. 4. 61 
can be applied not only to individual limits in the space X of rooted graphs but also in the random 
weak limit. More precisely, we show: 

Proposition 4.0.1. Let {r„}„>i be a covering sequence of finite 2k-regular cacti (k G N*J such that 
the conditions of Theorem \2.4-()\ are satisfied in the random weak limit p. Then, asymptotically in M, 
the probability distribution lim„^oo P^^^ {MavH„ (■,!') — M) (where {Hn}n>i is an exhaustion of (F, v) 
satisfying Convention \2.4-^ is p-almost everywhere the same. In particular, the critical exponent is 
almost surely constant. 

The following lemma was explained to us by G. Elek: 

Lemma 4.0.2. Let G < Aut(T) be a finitely generated spherically transitive group of automorphisms 
of a rooted tree T. Recall that A denotes the uniform measure on the boundary dT of T and consider 
the application f) : dT — > X, 0(^) := (F^,^), mapping a point ^ G dT to the (rooted isomorphism 
class of the) orbital Schreier graph F^ rooted at ^. Then <f> is measurable and the image of A under (j) 
is the random weak limit of the sequence {F„}„>i of finite Schreier graphs of the action of G on the 
levels of T . 
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Proof. The a-algebra on X is generated by cylindrical sets of the form C(^h,w) •= {(r, 'y)|i3r('y, r) ~ 
{H,w)} where r G N and {H,w) is a finite rooted graph. We say that a vertex u of F has r-type 
{H, w) if the ball of radius r centered in v is isomorphic to {H, w). 

Fix r e N; for any ^ e dT, there exists a smallest integer n(^) such that the balls -Sr^CCi'') and 
Br^i^mf) are isomorphic for all n > n(^). For any n > 1, given a finite rooted graph {H,w), 
define the set An := {v € y(F„)|?; = for some ^ € ST and w has r-type {H,w)}. Also, define 
-Sn U^^nlw' e X^(F™)|u; = ^,,(0 for some ^ G dT}. Then, 

r'(C(^^,„,))= U (U"^"\ l[jwX'^ n\JvX' 

n>l \a„ \B„ A„ 

so that (j)~^{C(^H,w)) is a Borel set, and thus (j) is measurable. 

Note that the integer-valued function ^ i— n(^) is measurable; hence, for any e > 0, there exists 
Tie such that A({^ e 9T|n(^) > n^}) < e. We claim that {C (jj ^^))) = hm„^oo j^^p ^| \{v S 

F(F„)|u has r-type [H,w)}\. Indeed, given e > 0, we say that a vertex v £ V{T„) is e-bad if 
A({^ G vX'^l ^ and v have different r-types}) > e/n. We have 

A(U e 5T|n(0 > nj) = ^ A({^ e z;X-|n(0 > ne}) < e. 

It is easy to check that the proportion of terms in the previous sum which arc greater than \/e/ne must 
be less than ^/e. Since, for any e > and v € l/(r„J, G vX'^\ ^ and v have different r-types} C 
€ > rig}, it follows that the proportion of vertices in F„^ which are y/e-ha,d is smaller 

than ^/e. This shows that the difference X{(t>~^{C^H.w))) ~ -^^ \{v e l^(F„)|u has r-type {H,w)}\ 
can be made arbitrarily small by taking n large enough. □ 

Proof of Proposition \4.0.1\ Observe that the conditions of Theorem 12.4.61 are all measurable; in par- 
ticular, the subset C C X constituted by one-ended cacti is measurable. Using notations from Sub- 
section 12.4.21 for any M £ N, let Xm ■ C — > M+ be the function mapping a one-ended cactus 
{T,v) to l/(|Ci„| • |Cijj+i|) if the integer M occurs as the mass of an avalanche on (F, u), and to 
otherwise. The function Xm is measurable as, for any fixed M S N and a,b E M, the event 
{(F,w)|a < l/(|CiJ^J • |CiJ^J+l|) < 6} is a cylinder event. For any function g : N — R+, consider the 
event 

Eg -= \J n {i^,v)\XM{r,v) = g{M)or Xm{T,v) = 0}. 

AIo>l M>Mo 

Our aim is to show that Eg is of p-measure or 1, and this will be done by using an ergodicity 
argument. 

It follows from Proposition lB.O.ll that the sequence {F„}„>i can be realized as Schreier graphs (with 
respect to an appropriate set of generators) of an action of a group G of automorphisms of a rooted 
tree T. Since the graphs we consider arc connected, the action of G on T is spherically transitive, and 
hence the action of G on the boundary dT of T is ergodic with respect to the uniform measure A (see 
for instance Proposition 6.5. in |23j.) 

By Lemma [4.0.21 the application : dT — > X, (f>{£^) :— (F^,^) is measurable, and the random 
weak limit p of the sequence {F„}„>i is the image under (j) of the uniform measure A. Recall that 
a measure fi on a standard Borel space (X, B) with an equivalence relation TZ is 7?.-ergodic, if every 
Borel 7?.- invariant subset of X is of //-measure or 1. Consider the equivalence relation TZ on A", the 
change of root, that identifies different roofings of a graph. One easily checks that the random weak 
Umit p = 0(A) is 7^-ergodic. 
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We verify that the event Eg is 7?.-invariant: let {T,v) and {T',v') be one-ended cacti and suppose 
that (r, w) and (T',v') are 7?.-equivalent. Let CVv ~ C1C2 ■ ■ ■ be the unique block-path of infinite 
length in (F, v) starting at v (respectively CVv' = C(C2 ... in (F', v') starting at v') and recall that pi 
(respectively p'^) denotes the cut vertex between d and Ci+i (respectively between C- and C[j^-y) (see 
Subsection [2X2]). Since (F,w) and iV' ,v') are one-ended and isomorphic as unrooted graphs then, up 
to some initial segment, CVv and CVv' are isomorphic (i.e. there exist fc, Z > 1 such that CkCk+i ■ ■ ■ 
and C[C[j^-y . . . are isomorphic.) Moreover, the subgraphs D{pk+i) C (F,i;) and D{p[^^) C (F',w') are 
isomorphic for any i > 0. It follows that XM(r,v) = XM{r',v') for any Af sufficiently large. 

Thus, by crgodicity of p, the event Eg has probability or 1. It follows then from Theorem 12.4.61 
that the asymptotical behaviour (in A/) of the distribution lim„_j.oo Pp„ (M avH„ (•, f ) = Af ) is p-almost 
everywhere the same. □ 

5 The Basilica Group and its Schreier Graphs 

The Basilica group B is an automorphism group of the rooted binary tree which is generated by two 
automorphisms a and b having the following self-similar structure: 



where id denotes the trivial automorphism of the tree, whereas e is the identity permutation in ^2. In 
other words, a fixes the first level, then acts as b on the subtree rooted at and as the identity on the 
subtree rooted at 1, whereas b permutes the vertices of the first level, then acts as a on the subtree 
rooted at and as the identity on the subtree rooted at 1. It can be easily checked that the action of 
B on the binary tree is spherically transitive. 

The group B was introduced by Grigorchuk and Zuk |24j as the group generated by the three- 
state automaton represented in Figure [1] It can also be described as the iterated monodromy group 
IMG{z^ — 1) of the complex polynomial — 1 [36] (see Figure [S]). 



a = e(6, id) 



6= (0 l)(a,id). 



(6) 



OlO 




|0|0,1|1 



Figure 1: The automaton generating the Basilica group. 
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Figure 2: The Julia set J{z'^ - 1). 



For each n > 1, we denote by r„ = r(B, {a, 5}, {0, 1}") the Schreier graph of the action of the 
Basihca group B on the n-th level of the binary tree. These graphs, appropriately rescaled, form an 
approximating sequence of the Basilica Julia set Jiz^ — 1) (this is used for example by Rogers and 
Teplyaev in [?D] for defining laplacians on the Julia set). The graphs {r„}„>i can be constructed 
recursively as follows: 

Proposition 5.0.1. |16| The Schreier graph Tn+i is obtained from r„ by applying to all subgraphs 
of r„ given by single edges the rules represented in Figure O 

SRI SR2 SR3 

a 



, b . 

u V 



iTuT Olu Ou Ov 




with 



Fi ac»<r r>»oa 

U /i i 



Figure 3: Rewriting rules for construction of the Basilica Schreier graphs and the Schreier graph Fi 
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Figure 4: Basilica Schreier graphs r„, 2 < n < 4. 



It follows that, for each n > 1, r„ is a 4-regular cactus such that removing any cut vertex disconnects 
r„ into exactly two components. Let us call the unique cycle of r„ containing vertices 0" and 0"~^1 
the central cycle of r„. Given any vertex v G V{Tn), there is a unique block-path (see Subsection 
I2.3P CVv ~Ci . . .Cr joining v to the central cycle of r„. 

Definition 5.0.2. "Decoration of a vertex". 1) Let v e V^(r)i)\{0"} be a cut vertex. Denote by 
Ui and U2 the two connected components obtained by removing v, so that moreover 0" e Ui. The 
decoration V^v) of v is the subgraph induced by the vertex set ¥{1/2) U {v}. 

2) Let V be a vertex with a loop. Then T>(v) is the subgraph induced by {v}. 

3) Ifv = 0", then I?(0") is the subgraph induced by V{U^) U {0"} where 0"-il ^ Ui. 

A decoration of a given vertex v £ V{Tn) is called a k-decoration (or a decoration of height k) if it 
is isomorphic to the decoration of the vertex 0*^ for some 1 < k < ji. 

The following proposition collects some of the properties of the graph r„. 
Proposition 5.0.3. For any n>l, consider the Schreier graph r„. Then, the following hold: 

1. [16j Every decoration in r„ is a k-decoration for some I < k < n. 
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i(2" + 2) if n is even, 
(2" + l) if n IS odd. 



3. The lengths of the cycles constituting r„ are all powers of two; the number Uk of cycles of length 
2^ (k>l) is 



Vk 



3 . 2n-2fc-l 1 < fc < f - 1, 

3 for fc=f, 



if n is even, and 



3.2"-2fe-i j^^ \<k< [fj -1, 
^k={ 4 for fc=L|j, 

1 for fc=rti, 



if n is odd. 



The proofs of statements 2. and 3. are straightforward when using the substitutional rules described 
in Proposition 15.0. Tl and induction on n. 
The structure of the critical group K{Tn) follows now immediately (see Subsection 12. 3p . 

Proposition 5.0.4. If n is even, then K(Tn) is isomorphic to 

Yl {Z/2''I.f'"'""' X (Z/2tz)^ 
fc=i 

and if n is odd, then K{Tn) is isomorphic to 



Yl (Z/2'^Z)''^'^" " X (z/2LtJz) X (z/2rtlz) 



fc=i 

Note that since the lengths of the cycles in r„ are all powers of two, the latter decomposition 
corresponds to the decomposition of A'(r„) into invariant factors. 

Given a ray ^ S {0, 1}", the sequence {(r„, ^„)}„>i of finite Schreier graphs, rooted at the ??-th prefix 
of^, converges in {X,Dist) to the infinite orbital Schreier graph (Fj, ^) = {r{B,{a,b},B-^),£_). The 
following results classify all rays ^ € {0, 1}" with respect to the number of ends of the corresponding 
limit graph (can be equal to 4, 2 or, almost surely, to 1), as well as gives information about different 
types of isomorphisms of infinite orbital Schreier graphs. 

Theorem 5.0.5. |16j Set Ei = G {0, 1}" | the infinite Schreier graph has i ends}. Then, 

1. ^4 = {u'0",u)(01)" I we{0, 1}*}; 

2. El = {q;i/3i 0:2/^2 ■ • ■ , oii,l3j e {0, 1} | {oii\i>i and {Pj}j>i both contain infinitely many I's}; 

3. E2 = {Q,lY\{EiUEi). 
Corollary 5.0.6. [B] 

1. There exists only one class of isomorphism of 4^- ended (unrooted) infinite Schreier graphs. It 
contains a single orbit. 
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2. There exist uncountably many classes of isomorphism of 2-ended (unrooted) infinite Schreier 
graphs. Each of these classes contains exactly two orbits. 

3. There exist uncountably many classes of isomorphism of 1-ended (unrooted) infinite Schreier 
graphs. The isomorphism class ofTi^i is a single orbit, and every other class contains uncount- 
ably many orbits. 

Recall that (j) : {0, l}"^ — > X , (/)(^) :— (Fj, is the application mapping an infinite binary sequence 
^ to the (rooted isomorphism class of the) orbital Schreier graph rooted at ^, and that the random 
weak limit of the sequence of finite Schreier graphs {F„}„>i is the image under of A, the uniform 
measure on {0, 1}" (see Lemma [4.0. 2p . 

Proposition 5.0.7. |16j The random weak limit of the sequence of finite Schreier graphs {F„}„>i 
is concentrated on 1-ended graphs. 

We first describe the limit graphs with four and two ends (proofs can be found in [16]). Given ^ G E4, 
any orbital Schreier graph Fj is isomorphic to the four-ended graph F(4) constructed as follows (see 
Figure [7]): take two copies TZi and TZ2 of the double ray whose vertices are naturally identified with 
the integers. Let these two double rays intersect at vertex 0. For every fc > 0, define the subset of Z 

Ak ■.= {ne Z\n = 2^ mod 2^"^^ } . 

Attach to each vertex of in TZx (respectively in TZ^) a (2k + l)-decoration (respectively a (2k + 2)- 
decoration) by its unique vertex of degree 2. 

For any ^ <S i?2, can be written as ^ = a.\^\a2f^i ■ . ■ where exactly one of the sequences {ai}i>i 
or {Pi}i>i has finitely many I's. If {ai}i>i has finitely many I's, the graph F^ is isomorphic to the 
following graph F(^): consider the subsets of Z 

k 

A'q := 2Z and A'^ -.^ {n e Z \ n = 2'' - 1 - 2'/3,+i mod 2*^+^} for each fc > 1. 

1=1 

Construct r(^) as a double ray with integer vertices with, for each fc > 0, a (2fc + 2)-decoration 
attached by its unique vertex of degree 2 to every vertex corresponding to an integer in A'f.. 

In the case where {/?i}i>i has finitely many I's, the graph F(^) is defined similarly, replacing /3 by 
a in the definition of A'^. and by attaching (2fc + l)-decorations instead of (2fc + 2)-decorations (see 
Figure [5]) . 

Corollary 5.0.8. The two-ended orbital Schreier graphs Fj, ^ g E2, form an uncountable family of 
non-isomorphic graphs which are not quasi-isometric to the one- dimensional lattice. 
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Figure 5: A finite part of F^, ^ G i?2- 



We now proceed to the case of one-ended limit graplis. Let ^ g {0, 1}". Recall that for a finite 
Schreier graph F„ with a root CV^,^ denotes the unique block-path joining ^„ to the central cycle 
in F„. In the case of one-ended limit graphs, we have: 

Lemma 5.0.9. Let ^ e Then, the limit 

{CVi,0 lim {CV^„,^n) (7) 

n— >oo 

is well-defined and the graph CV^ is isomorphic to the unique block-path of infinite length in (F^,^) 
starting at ^. 

Remark 5.0.10. It follows from Theorem 12.4.61 that for understanding the asymptotic of avalanches 
it is enough to keep track of the sizes of blocks Ci,C2, ■ ■ ■ constituting the block-path CV^. 

We will need the following technical lemmas: 

Lemma 5.0.11. [16] An element ^ £ {0, 1}", ^ ^ wl'^ for any w £ {0, 1}*, belongs to Ei if and only 
if there exists a unique triple {1-, {mk}k>o, {tk}k>o) where I > 1 and mo > are integers and ulq is 
even; to = 0; and {mk}k>i, {tk}k>i are sequences of strictly positive integers and the ruk 's are even, 
such that ^ can be written as 

C = 0'"H(0a;?0xS . . . Ox^nj, (OxJOxi . . . 0x^)1*' ■ ■ • ■ (8) 

2 2 

with xl £ {0, 1} for all i,j. 

If C ^ for some w £ {0, 1}*, then there exists a unique triple {I, {™fe}ji!Lo' {^h}k=o) "where I > 1 
and mo > are integers and mo is even; to = 0; and {^fcl^Li are finite sequences of strictly 

positive integers and the mk 's are even, such that ^ can be written as 

e = 0^-H{0x°^0x'^ . . . Ox%o)l*' {OxlOxl . . . Oxk)!*' • • ■ 1*"" {Ox'^^Ox^'' ■ ■ ■ 0x^5^)1". 

2 2 2 

Lemma 5.0.12. [16] Let ^ £ Ei and define a sequence of integers a,; = a\, i > 1, as follows: if ^ = 1", 
then a.i := i for all i > I. If ^ ^ 1"^, then Lemma \5.0.11\ vrovides a triple {l,{mk},{tk}) associated 
with ^. For all j > 1, < s < tj, let aTj_i+s-\-i '■— I + A/j-i + Tj-i + s, where Mj := X)i=o '^"^ 
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• The sequence {ai\i>i is increasing. More precisely, 

\ m.i + 1 if there exists j > such that i = Tj, 
Qi+i - = < \ ■' w ■ (9) 

I 1 otherwise. 

• For all i > 1, the size of Ci in CV^ C is equal to . 

The description from Lemma 15.0.111 allows to classify the words ^ G E'l giving rise to isomorphic 
orbital Schreier graphs (see Theorem 5.4 in [TB]'). 

Proposition 5.0.13. The orbital one-ended Schreier graphs Fj, ^ g Ei, form an uncountable family 
of A-regular graphs of quadratic growth (for a proof of this fact, see 




Figure 6: A finite part of Fii^. 

Remark 5.0.14. It follows also from Theorem 5.4 in [TB], that any two non-isomorphic Schreier 
graphs Fj and F^ for ^,ri E Ei are not quasi-isometric. Also, none of them is quasi-isometric to Z^. 

Indeed, let F^ 9^ Fj, and suppose that the sequences {a^} and {a^} do not coincide eventually (i.e. 
there do not exist io,jo such that a^^^f^ = ^]o+k ^ — Since, under a quasi-isometry, CP^ 

must be mapped to CVn and since the length of the i-th cycle of CV^ (respectively CVn) is 2^'^^^'^'^ 
(respectively 2r°i'/^l), we get a contradiction. On the other hand, if we suppose that the sequences 
{af } and {a^} do eventually coincide, then condition (c) in Theorem 5.4 of [TB] is not satisfied which 
means that the difference of the distances between successive cut vertices of CV^ , respectively CVrj , 
diverges. 

To see that Z- is not quasi-isometric to any orbital Schreier graph F^ for ^ Cz Ei, note that any 
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quasi-isometry between infinite graphs maps a bi-infinite self-avoiding path to a bi-infinite self-avoiding 
path. However, there is no bi-infinite self-avoiding path in F^, for any ^ G 

6 Avalanches on Basilica Schreier Graphs 

In this section, we study avalanches of the ASM on finite approximations of the infinite orbital Schreier 
graphs (Fj,^), ^ £ {0, 1}", of the Basihca group. 

Given ^ € {0,1}'^ and given an exhaustion {i?n}„>i of (Fj,^) (see Convention 12. 2.1]) . we look 
at the probability distribution, as ?2 — > oo. of the random variable MavH„{',£,) giving the mass of 
an avalanche triggered by adding a chip on the root if to a recurrent configuration on if„ chosen 
uniformly at random. Recall from Section [5] that, for almost every infinite binary sequence f , the 
orbital Schreier graph Fj has 1 end (these boundary points arc partitioned into uncountably many 
uncountable classes of isomorphic Fj's); that there also exist an uncountable infinity of f 's that give 
rise to orbital Schreier graphs with 2 ends (partitioned into countable isomorphism classes); and a 
countable number of f 's with a 4-ended F^ (all isomorphic as unrooted graphs) . We examine separately 
the asymptotic distribution of the mass of avalanches depending on the number of ends in the orbital 
infinite graph F^. The four-ended and two-ended graphs are shown to be non-critical (Theorems 16 . 1 .21 
and l6.2.l|) . However, almost every one-ended graph, and therefore also almost every orbital Schreier 
graph of the Basilica group is critical with the critical exponent equal to 1 (Theorem I6.3.ip . 

6.1 Limit graph with four ends 

Recall that all orbital Schreier graphs F^'s that have 4 ends are isomorphic to the graph F(4) described 
in Section [5] Therefore it is enough to examine one such F^, and we will consider <f = 0". 

Let {(F„, 0")}„>i be the sequence of finite rooted Schreier graphs converging in X to (Tq^ ,0'^)- For 
any n > 1, wc fix in F„ four dissipative vertices as follows: consider the vertices 0"~^1 and 0"~^10; for 
each of them, its neighbours which are situated on a path from it to 0" are dissipative. The infinite 
graph (Fo",0'^) is exhausted by the subgraphs iJ„ that are isomorphic, for each n, to the connected 
component of 0" in r„ remaining when removing the above four vertices, together with these four 
dissipative vertices (see Remark |2. 2. 9p . As n tends to infinity, both cycles in F„ containing 0" grow 
and split in the limit, sending vertices 0"^^1 and 0"^^10 to infinity and giving in the limit the four 
infinite paths in Fq^^ intersecting at 0"^ (see Figure [7] and [H]). Consequently, our choice of subgraphs 
Hn and of dissipative vertices corresponds to our Convention 12.2.11 

It is further convenient to merge in Hn all four dissipative vertices into a single dissipative vertex p. 
The graph j?„ obtained in this way is still separable but is not a cactus anymore. More precisely, all 
blocks of Hn but one are cycles denoted by Ci, . . . , C^. Denote the exceptional block by B; it consists 
of vertices 0" and p, and of four disjoint paths, Vi to Vi, where \Vi\ ~ \V2\ = 2rtl-i — 1 whereas 
l^sl = \'Pi\ = 2^^"!^^ — 1 (see Figure[7]). Note that considering the ASM on the graph iJ„ is equivalent 
to consider it on _ff„. Indeed, merging all dissipative vertices into a single dissipative vertex does not 
affect neither the structure of chip configurations (as they are defined on non-dissipative vertices only) 
nor the firing rules (as dissipative vertices are never fired during the stabilization process) and hence 
avalanches. Also, TZHn = T^h since performing the Burning Algorithm on iJ„ is equivalent to perform 
it on the graph _ff„ (as the graphs spanned by the sets of vertices Vo{Hn) and Vb(ifn) are isomorphic.) 
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Figure 7: The graph i?„ as a subgraph of r„ . 

The description of recurrent configurations on Hn (and hence on i/„) follows now directly from 
Lemma [2.3.21 Proposition [53^ and from Theorem 12.1. II Given a block Ci of Hn, denote its vertices 
by Pi,v\, . . . (recall from Subsection 12.31 that pi denotes the smallest element of V{Ci) in the 

order ^.) 

Proposition 6.1.1. A chip configuration c : Vo(i?n) — > N on Hn is recurrent if and only if it has 
the form 



c = 4i + 4 + 



where for every 1 < i < s, ji G {0, 1, . . . , \Ci\ — 1}. If ji ^ 0, then c*. : Vb(i?Ti) — >■ N is given by 

2 ifw = vl , 



whereas if ji ~ 0, 



4i M ^ S 3 if w = vl for k = 1, . . . ,\Ct\ ~ 1, k ^ ji, 
otherwise, 



cUw)^ I ^ ^/^i' = fork = 1,..., |Ci| - 1, 
° 10 otherwise. 



The suhconfiguration c^ : Vo{Hn) — > N satisfies 
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1. 2< c^(w) < 3 for every v G Fo(5)\{0"}; 

2. for 1 < z < 4, c^(u) = 2 for at most one vertex v £ V{Vi)\{0^} with the additional condition 
that at least one path Vi is such that c{v) = 3 for every v e V {Vi)\{0"} ; 

3. \{l<i< 4|3u e V{Ti)\{0''} I c^{v) = 2}| < ^^(0") < 3; 

4. c^{w) = for all w ^ Vo{B). 

The following result shows that the ASM on the sequence {i?n}n>i approximating the infinite orbital 
Schreier graph (Tquj, 0'^) is non-critical in the sense of Definition 12.2.21 

Theorem 6.1.2. Consider the infinite orbital Schreier graph (Fqi^jO"). Then, there exist constants 
Ci,C2> such that 

Ci • 2"^ < P,,„(A'faw//„(-,0") = M) < C2 ■ 2"". (10) 

Proof. Consider the graph H„ for n > 5. Given any recurrent configuration c, it follows from Propo- 
sition 12.3.41 that the avalanche triggered by adding an extra chip on 0" to c does only depend on the 
subconfiguration c^ of c on the block B of Hn- 

Given an integer M > 0, we count the number of recurrent configurations on iJ„ producing an 
avalanche of mass M. We first compute the total number of recurrent configurations on the block 
B, which is the number k{B) of spanning trees of B. Recall that \Vi\ = 17^2 1 = 2^^^~^ — 1 and 
I'^al = I'P-i] = 2r^V-Vi — 1. As it does not influence the final result, we omit the additive constant for 
technical convenience, and we get 

Given a recurrent configuration c^ on the block B, denote by li{c^) the distance between 0" and the 
vertex situated on Vi with only 2 chips on it (see 2. in Proposition IG . 1 . l|) . If there is no such vertex on 
some of the paths Vi, then set li{c^) = {Vil- We look now at how the mass of avalanches triggered by 
adding an extra chip on 0" depends on the k's: if at least one of the k's grows (respectively decreases), 
then the mass grows (respectively decreases). Thus, in order to keep the mass M of the avalanche 
unchanged while modifying the values of the h^s, we must let some of them grow as well as some of 
them decrease. Suppose without loss of generality that decorations of odd heights are attached to the 
paths Vi and V2, whereas decorations of even heights are attached to the paths V3 and 7^4. It follows 
(see proof of Proposition 12.3.4]) that an increase of li (respectively ^3) must be thus compensated by 
a decrease of I2 (respectively Z4) whereas an increase of I2 (respectively ^4) must be compensated by 
a decrease of h (respectively ^3). 

Observe now that if Ci and C2 arc two recurrent configurations on Hn such that li{cf) + hicf) ^ 
) + h{c2) (or similarly lz{cf) + ^4(cf ) ^ ^3(cf ) + ^4(cf )), then the masses of the avalanches 
triggered respectively by ci and C2 are different. 

It follows from the previous observation, that avalanches which are less likely to occur are those of 
small mass. We derive the lower-bound in (jlOp by counting the number of recurrent configurations on 
B leading to avalanches on Hn of minimal mass. There are exactly two such recurrent configurations 
Cmm and d^ji„; satisfies h(c^in) = h{c^^in) = h{c^^n) = 1 whereas satisfies li{d^in) = 

hid^in) — ^iid-min) = 1- Normalizing by k{B) yields the lower bound in (fTU|) . 

On the other hand, the most likely avalanches arise from recurrent configurations c with c^ on B 
satisfying ^1(0^) + hic^) = {Vil + 1. There are not more than 2IP2I + 2(|Pi| - 2) < 2^^1+1 such 
recurrent configurations on B. Normalizing by k{B) yields the upper-bound in ([TUl) . □ 

Remark 6.1.3. A careful computation yields approximate values for the constants Ci ~ 3.77 and 
C2 w 5.65. 
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6.2 Limit graphs with two ends 



The Basilica group provides us with an uncountable family of two-ended graphs not quasi-isometric 
to Z (see Section [5]) . We prove in this subsection that the ASM on sequences of finite graphs ap- 
proximating these infinite graphs does not exhibit a critical behaviour with respect to the mass of 
avalanches, in the sense of Definition 12.2.21 

Some particular cases of sequences of cacti approximating a 2-ended graph were already studied 
by Ali and Dhar in [5] where they considered graphs obtained from Z by replacing even edges by 
cycles of fixed length L. (Note that if L = 2, the corresponding graphs are essentially the Schrcier 
graphs associated with the self-similar action on the binary rooted tree of the so-called Grigorchuk 
group, the first example of a group of intermediate growth). Ali and Dhar have found that the 
ASM on these sequences of decorated chains is not critical; in particular, they have shown that 
Ff^^{Mavr^{- ,Vn) = M) = f{^)n~^ where / denotes some scaling function. The behaviour of 
avalanches with respect to their mass is thus similar to what one obtains on a sequence of growing 
cycles Cn of length n approximating the lattice Z where Ff^^{Mavc„{-,Vn) = M) ~ 1/n (see Subsec- 
tion dXIl)- 

Let ^ G E2, let be the corresponding two-ended orbital Schreier graph and let {(r„,^„)}„>i be 
the sequence of finite rooted Schreier graphs converging in X to (F^,^). Recall that CV^^ denotes the 
block-path in r„ joining the vertex ^„ to the central cycle of r„. 

For any n > 1, we fix in F„ two dissipative vertices pi and p2', these are the two neighbours of 0" 
such that any path joining ^„ to 0" contains one of them. The infinite graph (Fj,^) is exhausted by 
the subgraphs iJ„ that are isomorphic, for each n, to the connected component of ^„ in F„ remaining 
when removing both above vertices, together with them (see Remark I2.2.9p . As n tends to infinity, 
the length of the central cycle in r„ grows and splits in the limit, sending vertex 0" to infinity and 
giving the bi- infinite path in F^ (see Figure [5] and [16]). Consequently, our choice of subgraphs Hn 
and of dissipative vertices corresponds to our Convention 12.2. II 

The recurrent configurations on Hn are given by Lemma 12.3.21 and Proposition 12.4.21 (as in Subsec- 
tion 16.11 we may merge both dissipative vertices pi and p2 into a single one, p; the resulting graph 
Hn is still separable and TZh„ = T^h„-) 

As in the case of Fo"^ , the ASM on the sequence {Hn}n>i approximating the infinite orbital Schreier 
graph (Fj,^) has non-critical behaviour if ^ E E2: 

Theorem 6.2.1. Let ^ G i?2 o,nd consider the two-ended orbital rooted Schreier graph {T^,£^).Then, 
the probability distribution of the mass of an avalanche on Hn satisfies 

Proof. Let ^ S i?2- Observe that there exists a subsequence {ni}i>i of N such that, for every z > 1, 
the vertex separating the penultimate cycle of the block-path CV^^, from the last cycle of CV^^, is 
different from 0". Let n > 1 belong to such a subsequence and consider the graph F„. The root ^„ 
belongs to some fc-decoration attached to the central cycle of r„ by some vertex v Pi, i = 1,2. Note 
that if we choose n large enough, k does not depend on n. 

Let c be a (randomly chosen) recurrent configuration on iJ„ C r„. By Proposition 12 . 3 . 4l the mass 
of the avalanche triggered by adding to c an extra chip on ^„ depends only on the subconfigurations 
of c on CV^^ . 

As the avalanche propagates along the fc-decoration attached at w, a certain amount of chips migrates 
in the direction of the central cycle of F„ and finally reaches v. If the amount of chips eventually 
reaching v is greater than one, then necessarily, the avalanche will propagate in both directions on the 
whole central cycle and the mass of the avalanche will be maximal (denote this mass by M^ax)- The 
same happens if only one chip reaches v but every vertex on the central cycle has three chips on it. 
On the other hand, if only one chip reaches v and if there is a vertex on the central cycle with only 
two chips on it, then the avalanche will propagate along the central cycle in such a way that in one 
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direction it will reach one of the dissipative vertices but in the other direction, it will be stopped at 
the vertex with only two chips. Denote by P the probability that at least two chips reach v during an 
avalanche. Similarly, denote by P the probability that the mass M of the avalanche is greater than 
the cardinality of the decoration attached to v (which, by Proposition 15.0.31 is equal to 1/3(2*^ + 1) 
or 1/3(2*^ + 2) depending on the parity of k). Note that neither P nor P depend on n. 

Observe that, by Proposition 12.4.41 and its proof, there are at most two subconfigurations on the 
central cycle producing avalanches of the same mass. Collecting together all previous observations, 
we have, for M sufficiently large, 

^,SMavnA;in) = M) = \ 1^1^^ 
where a € {1, 2} and |C| denotes the length of the central cycle. Since |C| ~ 2^, the result follows. □ 



6.3 Limit graphs with one end 

Recall from Section [SJ that Ei C {0, 1}" denotes the subset of full measure consisting of such rays ^ 
that the infinite orbital Schreier graph has one end. For ^ e Ei, consider the sequence {^n}ri>i of 
vertices of the ray belonging to the consecutive levels of the tree, and the rooted finite Schreier graphs 
{(rn,^n)}n>i couvcrgiug to (F^,^). Let CV^^ ~ Ci . . .Cr„ be the unique block-path in F„ joining ^„ 
to the central cycle of F„. By Lemma 15. 0.91 {CV^,£,) = \imn^oo{CV^^ , is a well-defined block-path 
isomorphic to the unique block-path of infinite length in (F^, ^) starting at ^. Recall that there exists 
a subsequence {Tii}i>i of N such that for every i > 1, the vertex separating the penultimate cycle of 
the block-path CV^^, from the last cycle of C7^^„. is different from 0". Let n > 1 belong to such a 
subsequence. For any n > 1, we set p'"' := 0" in F„ to be dissipative. The infinite graph (F^,^) is 
exhausted by the subgraphs H„ that are isomorphic, for each n, to the connected component of ^„ in 
F„ remaining when removing vertex 0", together with 0" (see Remark l2.2.9p . Our choice of subgraphs 
Hn corresponds to Convention 12.4.51 The following statement is the main result of this section: 

Theorem 6.3.1. For almost every ^ e i?i (with respect to the uniform measure A on {0, we 
have 



lim F^^{Mav„J-,^n) = M) ^ A-rK (11) 
As an immediate consequence of Theorem 16.3.11 and Proposition 15.0.71 we have: 

Corollary 6.3.2. The ASM on the sequence {F„}„>i of Schreier graphs of the Basilica group is 
critical in the random weak limit, with critical exponent equal to 1. 



Given ^ e Ei, let (Z, {mfe}, {t/j}) be the triple provided by Lemma 15.0.111 and let {ai]i>i be the 
sequence associated with ^ as defined in Lemma 15.0.121 so that the size of the z-th block of CV^ is 

2r^i. 

In order to prove Theorem 16.3.11 we will need the following lemma: 

Lemma 6.3.3. Choose ^ G i?i uniformly at random. Then, there is almost surely only a finite 
number of indices j such that the corresponding terms of the sequence {mk}k>o associated with ^ 
satisfy mj > 2j. 



Proof. With any E Ei is associated a triple (/, {mk}, {tk}) given by Lemma [5.0. Ill For any j > 1, 
define the event Aj := € Ei\mj > 2j}. By definition of the sequence {m^} (see ([8]) in Lemma 
I5.0.11|) . for all r > 0, we have ¥{mj > 2r) < 2"''. Thus, ¥{Aj) < 2'^ and, by Borel-Cantelh Lemma, 
P(limsupj^^Aj) ==0. □ 
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We turn now to the proof of Theorem 16.3.11 



Proof. Choose ^ d Ei uniformly at random. For any n > 1, consider the finite Schreier graph 
(r„,^„), the block-path CV^^ and the sequence {ai}i>i associated with ^ (see Lemma [5.0.12p . For 
further convenience, we interpolate the sequence {ai}i>i by an increasing continuous function a : 
[0, +oo) — > [0, +oo) such that a(0) = 0. 
Recalling that \Ci \ = 2^°-^^^/^^ for every i> 1, the series 

oo oo 

i=i I 'I 1=1 
converges, and it follows from Theorem 12.4.61 that 

^ < V^^{MavHA;U = < 1^ I t r (12) 



2 • \Cij,, \ ■ |C.j„ + i| " " ' |Ci„| • |C.^J^J + l 

where Ci^, denotes the block on which each avalanche of mass M stops, and < L < 1 is a constant 
depending on the sequence {ai}i>i = {a(i)}i>i. From (1121) . wc get 

I • 2- °"""^"""' < F,jMav,A;U -M)<2. 2- °"""^'-"' . (13) 
On the other hand, the mass of an avalanche which stops on C^^^ is bounded by 

|25(0''(«M-i)+i)| < < |I?(0''(*^^)+i)|, (14) 

where |2?(0"''^'-'+^)| is the number of vertices in the decoration of vertex 0'''-*"^"'"^ in T ^^^^i^^^j^i. By 
Proposition 15.0.31 (HH) implies 

}_i^2'''^iM-i)+i + i) < M < i(2'^('^^)+i + 2). 
3 3 

These inequalities can be rewritten as 

a(iM-l) <log(3Af-l)-l, 
aiin) > log(3A/ - 2) - 1 

where log(-) = log2(-). Since a is increasing, one may write 

iM < a-i(log(3A'/- 1)- 1) + 1, 
iM > a-i(log(3A/- 2) - 1). 

The difference a-i(log(3M - 1) - 1) + 1 - a~i(log(3A/ - 2) - 1) tends to 1 as Af -> oo. We can then 
assume that zm = [a^^{^og{3M))\ for A/ sufficiently large. 

We show that, almost surely, a{iM + ^)/0'{iM) tends to 1 as M — > oo. Recall that (see Lemma 
15.0. 12p . for aU j > 1, < s < tj, a{Tj_i + s + 1) = I + A/,_i + Tj^i + s, where Mj := J2i=o ™fc 
and Tj := J2k=o Writing i := Tj-i + s + 1, a{i) = I + Mj-i + i — 1; we consider j = as a 
(non-decreasing) function of i (corresponding to the number of terms in the sum Mj-i.) Note that 
< i. By Lemma [5.0. 121 



a{i + 1) — a{i) 



TTiji^i-^ + 1 if i is such that i — Tj(^i-^, 
1 otherwise. 
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On the other hand, it fohows from Lemma 16.3.31 that, almost surely, there exists jo > 1 such that 
™i < 2j for all j > jo. We thus have 

^ < + < «(») + + 1 ^ ^ ^ 2j(z) ^ 1 
~ a(i) ~ a{i) ~ a(i) a(i) 

where the last inequality holds almost surely for any i sufficiently large. Clearly, 2j{i)/a{i) < 2j{i)/i. 
We check that which is non-increasing, tends to as i — >■ oo. For the sake of contradiction, 

suppose that tends (from above) to C > as i —J- (X). It is easy to check that, given any finite 

word w €z {0, 1}*, w appears almost surely as a subword in ^ e {0, 1}" situated as far as we want 
in ^, i.e., given no > 1, P = ^nw£^' , n > uq, ^' G {0, 1}"}) — 1. It follows that, almost surely, the 
sequence {tk}k>o (see Lemma l5.0.11|) is not bounded. Thus, we can find tkg large enough such that 
j(*o)/*o < C where io = Tk„-i + ife,, and j(«o) = ^Oi ^md we get a contradiction. As im tends to 
infinity as M — >■ oo, we conclude that, almost surely, a(iM + l)/a(*A/) tends to 1 as M — > oo. 

Write xm '■= a~^(log(3M)) so that im = L^^a/J • For any e > 0, there exists Afo such that for all 
M > Mq, a{xM) < ci{iM + !)<(! + ()o-{'iM)- It follows then from (fT5|) that for n and M sufficiently 
large, 
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and hence. 



L 
1 



{3M)-— < P^^{MavHA;^n) = M) < 2 • (3M)-t+^. 
We thus conclude that, almost surely, lim„_i.oo IP^i„ (Mav^f^ (•, = M) ^ AI~^. □ 



7 Schreier Graphs of IMG{-z^/2 + 3z/2) - Examples with the 
Critical Exponent > 1 

In this section, we examine the ASM on Schreier graphs of still another (though similar to the Basilica) 
self-similar group, and compute the critical exponent for the mass of avalanches in the random weak 
limit to be 2 log 2/ log 3 > 1. 



7.1 Interlaced adding machines 

The adding machine ^ is a group of automorphisms of the binary rooted tree generated by an auto- 
morphism a defined self-similarly by a = (0 l)(id,a). Thus, the action of a on the n-th level of the 
tree corresponds to adding one to the binary representation of integers modulo 2" (recall that vertices 
of the n-th level are identified with binary words of length n.) It follows that, for any n > I, the 
Schreier graph r(^, {a}, {0, 1}") is a cycle of length 2". The action of the automorphism a on the 
boundary of the tree is free and the group generated by a is Z. It follows that the orbital Schreier 
graphs r(^, {a},^ • ^), for ^ G {0,1}", are all isomorphic (as unlabeled graphs) to the bi-infinite 
path. In other words, the random weak limit of the sequence {r(^, {a}, {0, l}")}„>i is atomic and 
supported by a single graph, which is Z. As mentioned in the introduction, it is easy to see that the 
ASM is not critical in this case. 

The interlaced adding machines group I is a spherically transitive group of automorphisms of the 
ternary rooted tree T generated by two automorphisms a and b with the following self-similar struc- 
ture: 
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a = (0 l){id, a, id), b= (0 2){id, id, h). 

The group X is the iterated monodromy group of the complex polynomial + 3z/2 (see [35]), 

whose Julia set is represented in Figure HI 




Figure 8: The Julia set J{-z^/2 + 3z/2). 

One notices that this Julia set looks very much like the Basilica Julia set (see Figure [5]). The Basilica 
Schrcicr graphs and the Schreier graphs r„ := r(I, {a, 6}, {0, 1, 2}") arc also very similar. 

It follows directly from the definition of the group I, that for any n > 1, the Schreier graph r„ is a 
4- regular cactus and has all its edges labeled either by a or by b. The number of vertices of r„ is 3", 
so that the covering map 7r„+i : Tn+i — > r„ is of degree 3. 

By [HI, the Schreier graphs := F(I, {a, 6},X- ^) have either 1, 2 or 4 ends, and the number of 
ends is one for almost all ^ with respect to the uniform measure on the boundary dT of the tree. 
More precisely, we have a classification in terms of ternary sequences of the orbital Schreier graphs 
with respect to their number of ends, in the spirit of the Basilica case treated in [16j . Given a word 
w g {0, 1, 2}*, we say that w is of type A (respectively B) if it does not contain the letter 2 (respectively 
1). Any word (finite or infinite) in {0, 1, 2} can be decomposed into an alternative succession of blocks 
of type A and B. 

Theorem 7.1.1. 1. The orbital Schreier graph F^ has one end if and only if the number of blocks 
in the decomposition of ^ into blocks of type A and B is infinite; 

2. the orbital Schreier graph F^ has four ends if and only if £ {luO", wV^ , w2'^\w € {0, 1, 2}*}; 

3. in all other cases, the orbital Schreier graph F^ has two ends. 

For i ~ 1,2,4, denote by Ei := e {0, 1,2}"| the orbital Schrcicr graph F^ has i ends}. Moreover, 
we also have: 

Proposition 7.1.2. There exist uncountably many non-isomorphic orbital Schreier graphs with one 
end. 

Proposition 17. 1 . 2l follows from Theorem 17.1.11 together with the following lemma, proved similarly to 
Proposition 5.6 in |16[ . 

Lemma 7.1.3. Lei w e {0, 1, 2}" . Then, 

1. the total number of blocks in the decomposition of w into blocks of type A and B equals the 
number of blocks in the block-path CV w in F„ joining w to 0"; 
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2. the size of the i-th block in the block-path CVw is equal to 2'^', where Ui denotes the length of the 
prefix of w containing the i first blocks. 

We will also need the following result obtained by following the method developed in [TT| . 

Proposition 7.1.4. For almost every ^ G {0, 1,2}" (with respect to the uniform measure A on ^ £ 
{0,1,2}"J, the degree of polynomial growth ofT^ is log3/log2. 



7.2 Criticality of the ASM on the Schreier graphs of IMG{-z^/2 + 3z/2) 

In this subsection, we consider avalanches of the ASM on finite approximations of the infinite orbital 
rooted Schreier graphs (F^,^), where ^ G Ei- For any n > 1, we set the vertex p^") :— 0" in r„ to 
be dissipative. As in the case of Basilica Schreier graphs, the infinite graph (Fj,^) is exhausted by 
the subgraphs Hn that are isomorphic, for each n, to the connected component of ^„ in F„ remaining 
when removing vertex 0", together with 0" (see Remark I2.2.9|l . It follows from Lemma [7.1.31 and 
Theorem l7.1.1l that the number of blocks in the block-path CV^^ joining ^„ to 0" in (r„,^„) tends to 
infinity as n — oo. Consequently, our choice of subgraphs i7„ corresponds to Convention 12.4.51 We 
will prove the following: 

Theorem 7.2.1. For almost every ^ € Ei (with respect to the uniform measure A on {0, 1, 2}'^), we 
have 
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lim P„„(MawH„(-,^„) = M) - M"T^ 

Corollary 7.2.2. We thus exhibit an uncountable family of non-isomorphic A-regular, one-ended 
graphs of superlinear but subquadratic growth, such that the ASM on the sequences of finite graphs 
approximating them is critical with critical exponent equal to 2 log 2 / log 3 > 1 . 

Proof. Let ^ £ Ei and let ^ = A1B1A2B2 ... be its decomposition in blocks of type A and B {Ai 
may be empty). For any n > 1, consider the Schreier graph (F„,^„), the block-path CV(^^ in F„ and 
denote its blocks by C1C2 ■ ■ ■ Cr„ , so that r„ is the number of blocks in the above decomposition of the 
prefix of By Lemma 17.1.31 for any i > 1, the size of Ci is given by 



^ Eir''^ (l^fc| + |5fc|) + IAm)/2| if* is odd, ^ ' 



where \Ak\ (respectively |i?fc|) denotes the length of the block Ak (respectively Bk). For further 
convenience, we interpolate the sequence {i^i}i>i by a continuous, increasing function v : [0, +00) — > 
[0, +00) such that i^(0) = 0. As the series Ei>i Jcrj converges, it follows from Theorem 12.4.61 that 

^ < P^„(A/avH„(-,^„) = M) < ,^ , : (16) 



2 • |C,ju| • |Cij,^+i| " " ' |C,„| • |Cij„+i| 

where Cij^, denotes the block on which each avalanche of mass M stops, and < L < 1 is a constant 
depending on the sequence {vi}i>i = {h'{i)}i>i. From ([T6)). we get 

L . 2-('^(»m)+'^(»m+i)) < F^^{MavH,A-:£.n) = M)<2- 2-('^(»«)+''('^^+i)). (17) 

Observe that, for any n > 1 and 1 < k < n, the cardinality of a fc-decoration in F„ (see Definition 
Kq:2\ is equal to 1/2(3'' -I- 1). It follows that the mass of an avalanche which stops on Ci is bounded 

by 
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Il2{r^'^'~^) + 1) < M < 1/2(3"'^""^ + 1). 
Since v is increasing, this leads to 

in < i^-Hlog3(2il/- 1)) + 1, 
U/ >i^-i(log3(2A/-l)). 



As im is an integer, we have ia/ = ^(log3(27\jf — 1))] 
Lemma 7.2.3. For almost every £ Ei, linii_^oo ^^T^IJ^ 

Proof of the lemma: By (jlSp . {i'(i)},;>i satisfies 



I l%+i)/2l if « IS odd. 

For every fc > 1, define the event := G {0,1,2}"| > k} (respectively Ek ■= € 
{0, 1,2}"| > fc}). As "^{Ek) < (§)'' and Y.k>i {it < follows from Borel-Cantelh Lemma, 

that P(limsupj.^oQ E^) = 0. Identically, P(limsupj,_j.o2 Ek) = 0. In other words, there almost surely 
exists io > I such that, for all i > io, | A/2+1 1 < + 1 (respectively |-B(i+i)/2| < (« + l)/2). 

We have, for i even, 

^ ^ ^^(^ + l) ^ ^^(^) + |A,/2+l| ^ ^ ^ i ^1 
~ ;/(i) :/(i) ~ 2i'{i) j/(i) ' 

where the last inequality holds almost surely for any i sufficiently large. The same bound holds for 
i odd. Using a similar argument than in the proof of Theorem 16.3.11 we check that i/vii)^ which is 
non-increasing, tends to as i — > cx). □ 

Let xm = i^^^(log3(2M — 1)) + 1, so that im = [xa/J . By Lemma [7.2.31 for any e > 0, there exists 
Mo such that for any M > Mq, v{iM + !)<(! + e)v{iM). From ((T71), we get 

I . 2-(2+^)K'm) < p^jA/awi/„(-,Cn) = A/) < 2 • 2-^^-"^'"+^^ 
As za/ < Xm < iM + 2 and v is increasing, we have 

L 2-(2+.)Kxm) < p^jMaw//„(-,C„) = M) < 2 • 2"?^! ''(^^^^-i). 

Using, for the lower bound, the fact that for any e' > 0, there is Mq such that for any > Mq, 
i/(i'-i(log3(2M- 1)) + 1) < (l + e')log3(2M- 1), we get 

L , 2-(2+e)(i+.')iog3(2A/-i) < p^^(^MavHA;U = M) < 2 • i°S3(2A/-i) 
which is equivalent to 

• (2M- 1)^"^°s2ct' ' < P^^(A/awff„(-,^„) = Af) < 2 • (2A/ - 1)^0+^X^131. 
Thus, almost surely, lim„^oo IP^j„ (Mau_f/„ (•, ^„) = M) A/"t^. □ 
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8 Growth of Orbital Schreier Graphs and Critical Exponent 
of the ASM 



In this section wc show that, under some conditions, the critical exponent of the ASM on a finite 
approximation of an infinite one-ended cactus is related to the growth of that graph. Then, we 
exhibit a family of iterated monodromy groups of quadratic polynomials such that the ASM on the 
corresponding sequences of Schreier graphs is critical in the random weak limit, with arbitrarily small 
critical exponent. 

8.1 Degree of polynomial growth of orbital Schreier graphs and critical 
exponent 

Given a locally finite graph F and v G ^(r), we say that F has polynomial growth of degree a if the 
quantity 

,. log(|i?r(t^,r)|) 
a := hmsup 

r^oo log r 

is finite. Note that a does not depend on the choice of v. 

Let (r, v) be an infinite one-ended cactus rooted at v. Let CVv = C1C2 ... be the unique block-path 
of infinite length in F starting at v. Recall from Subsection 12.4.21 that, for each i > 1, Pi denotes the 
cut vertex between Ci and C^+i, and that D{pi) denotes the subgraph of F consisting of the union of 
all finite connected components remaining when removing pi, together with pi. Finally, recall that di 
denotes the number of vertices in D(pi). 

Theorem 8.1.1. Let {T,v) be an infinite one-ended cactus rooted at v. Let {Hn}n>i be an exhaus- 
tion of (r,w) as in Convention \2.4-'5\ and, for any n > 1, let p^"-* be the dissipative vertex in Hn. 
Denote by CV^ = Ci . . . Cr„ C CVv the finite block-path in Hn joining vertex v to p*-") . Suppose that 
\Cj\>2 jcTT converges as rn — >■ 00. Suppose moreover that the subgraphs D{pi), i> 1, satisfy the 
following requirements: 

L there exists a constant c > such that, for any i sufficiently large, Diam{D{pi)) < c\Ci\; 

Then, for any e > 0, there exists Mq such that, for any M > Mq 

Ci ■ M~l^' < lim P„„(Mav//„ (•,!;) = M) < C2 • M"^, 

where Ci, C2 > 0, ^ := limSUp,^^ logD»arn(g(p.)) """^ ^' '= l™inf,^«, log Jmr»(J(p.)) ' 

In particular, if P = 13' , then the ASM on the sequence {Hn}n>i approximating (F,w) is critical (in 
the sense o f Definition 1 2. with critical exponent equal to S ^ 2//3. 

Corollary 8.1.2. Let (F, u) be as in Theorcm \8.1.1\ Suppose that F has polynomial growth and that 
its degree of growth a is given by the quantity limi_^oo log Diam(D(p )) • Then, the critical exponent 6 is 
related to the growth degree a ofT by 6 = 2/ a. 

Proof. From Theorem l2.4.6l for any integer M large enough that occurs as the mass of an avalanche, 
we have 
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P 1^ 11^ r < P^.AMavHA:v) = M) < 1 (18) 

^ ■ Mm I ■ |Wm+1 I If-JAf I • l<-tAf +1 1 

where the index im is uniquely determined by the condition dijj-i < M < di^^j and < L < 1 is a 
constant. Applying logarithm to these inequalities and normalizing, we get 



logDmm(i:>(pij^J) logDiam(i:>(pij^j)) logL'mm(D(p,;„)) 
By condition 2., we have 

liniinf = liniinf ^I^^^ = ^' 

M~^oo log Diam(D[pij^,,)) m^od log Diam(D[pij^,,)) 

On the other hand, condition 1. implies that for any M sufficiently large, 

log A/ ^ log7\/ ^ logAf 



log(c|C,„|) - logDiamiDip,,,)) " log(5|C,,,|) 

(the upper bound follows from the fact that, by definition, C; C D{pi) for any i > 1.) Hence, for any 
e > 0, there exists Mq such that for any M > A/q, 

/3' - e < , ^°^|^^ |. < /? + e 
log (c|C,,,|) 

which is equivalent to 

c c 
If we normalize in (|19p by log£'iaTO(I?(pijj+i)), we obtain similarly 

1 1 1 

-A//f+« < |C,„+i| < -M^'-'. 
c c 

Thus, we have 

cHlW^' < ] < c^Mfr-. 

and replacing in ([T^. we get the result. 

□ 



8.2 Examples with arbitrarily small critical exponent 

We will now consider a particular family of self-similar groups of automorphisms of the binary rooted 
tree that gives rise to Schrcicr graphs of bigger and bigger degree and of bigger and bigger polynomial 
growth. These graphs satisfy the conditions of our Theorem 18.1.11 and thus provide examples of 
criticality with critical exponent arbitrarily close to 0. 

The groups we are going to consider are realized as iterated monodromy groups of quadratic polyno- 
mials -\- c, where the parameter c is chosen to be the center of one of the secondary p/g-components 
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of the Mandelbrot set, so that the critical point of the polynomial z^ + c belongs to a super- attracting 
cycle of length g > 2. The case q = 2 corresponds to the Basilica group, see Figure [21 and the case 
q = 3 is the so-called Douady rabbit, see Figure [TUl 

If the orbit of under iterations of the polynomial -I- c is a finite cycle, one can associate to the 
polynomial a kneading automaton Ay, where w is a finite binary word, and the self-similar group )C{v) 
generated by Av is the iterated monodromy group of -l-c (see Chapters 6.6-6.11 in |36] ) . The length 
of the word v is equal to the size of the orbit of under iterations of the polynomial. For a word 
V = X1X2 ■ ■ ■ Xk-i € {0, 1}*^""'^, A: > 1, the automaton Ay has k+1 states (including the identity state) 
and its Moore diagram is pictured in Figure [5] (for x e {0, 1}, we write a; := 1 — x): 




Xi\Xi 



Figure 9: The automaton Ay corresponding to the word v — X1X2 ■ ■ ■ Xk-i- 

Consequently, the generators {ai, . . . , Uk} of the group IC{v) generated by Ay have the following 
self-similar structure: 

-IN f e(ai,id) if a-^ 0, „ . , 

ai = (0 l){a,, Id), a,:+i = | ^^^^^ \i x, ^ I, ^or z = I, . . . ,k ~ 1. 

We can, for example, consider the family of groups /C(0'^~^) for fc > 1. The group /C(0) is the Basilica 
group that we have already studied in Sections [5] and [HI whereas /C(00) is the group IMG{z^ + c) 
where c sa —0.1225 -|- 0.7448i. The Julia set of this group, called the Douady Rabbit, is represented in 
Figure Uni 
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V A X I 



Figure 10: The Julia set of the Douady Rabbit. 



For any fc > 1, the group /C(0'^^^) is the iterated monodromy group of a post-criticaUy finite 
polynomial and, by Theorem 13. 0.2[ the Schreier graphs of the action of /C(0'^^^) on the levels of the 
binary rooted tree are cacti. By extending to the groups /C(0'^~^), for any k > 1, the analysis done 
for the Basilica group, we obtain the following description of the finite Schreier graphs: 

Proposition 8.2.1. Letk> 2, and consider the Schreier graphs Tn := r(/C(0'^~^), {ai, . . . , Ofe}, {0, 1}") 
of the action o//C(0'^^^) on the levels of the binary rooted tree. Given € r„, let CV^^^ ^ C\ . . .Cr„ 
be the block-path joining ^„ to the vertex 0" in r„ . Then, r„ < n and the sizes of the blocks of CV^^ 
are given by \Cj\ = , where the sequence {hjYj=i non- decreasing sequence of positive integers 
with no constant segments of length greater than k. 

By [12], almost all orbital Schreier graphs := F(/C(0''~^), {oi, . . . , Ofc}, /C(0''^^) • ^) (with respect 
to the uniform distribution on the boundary dT of the tree) have one end. Denote by Ei C dT the 
set of full measure constituted of infinite words ^ such that the corresponding orbital Schreier graph 
Fj has one end. For ^ e as in the case of Basilica one-ended Schreier graphs, the limit in X 
lim„_).oo(C'Pj^, ^ri) is isomorphic to CV^., the unique block-path of infinite length in Fj starting at ^. 
Similarly than in Subsection 16.31 for any n > 1, wc set p^") := 0" in F„ to be dissipative. The infinite 
graph (Fj,^) is exhausted by the subgraphs Hn that arc isomorphic, for each n, to the connected 
component of ^„ in F„ remaining when removing vertex 0", together with 0" (see Remark l2.2.9p . Our 
choice of subgraphs ff„ corresponds to Convention 12.4.51 It thus follows from Proposition 18.2.11 that 
the orbital rooted Schreier graph (F^,^) satisfies the assumptions of Theorem 12.4.61 

On the other hand, the orbital Schreier graphs Fj have polynomial growth, and by applying an 
algorithm from [llj . we show that the degree of polynomial growth grows with k (essentially this is 
due to the fact that the graphs are 2fc-regular.) 

Proposition 8.2.2. The degree of polynomial growth of the orbital Schreier graphs Fj of the action 
ofJCiO''-'^) on dT is at least k/2. 

One also verifies that, for almost every ^ e Ei, the orbital rooted Schreier graph (F^,^) satisfies the 
assumptions of Theorem 18.1.11 with /3 = /3' = k, which then implies the following: 

Theorem 8.2.3. For k > 2, the ASM on the sequence {F„}„>i of Schreier graphs of the action of 
^^gfe-i-j critical in the random weak limit (in the sense of Definition \2.S7S\} with critical exponent 
S = 2/k. 
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Corollary 8.2.4. {/C(0'^~^)}a:>2 is a family of self-similar groups such that the ASM on the associated 
sequences of Schreier graphs is critical in the random weak limit, and the critical exponent S > can 
be arbitrarily small. 

Remark 8.2.5. Another quantity related to the size of avalanches, the diameter of the subgraph 
spanned by vertices touched by the avalanche, can be studied in a very similar way than the mass. 
For all examples of Schreier graphs we consider in this paper, one can slightly modify the proof of 
Theorem [2321 to get bounds for the probability distribution of the diameter of avalanches, instead of 
the mass. Since the examples we consider satisfy, almost surely, the assumptions of Theorem 18.1.11 
one can deduce that the critical exponent S' > defined with respect to the diameter of avalanches 
(see Definition 12. 2. 2p is related to the growth degree a of the graph by S' = 1/a. 
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